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SINGULAR DEL PEZZO SURFACES
WHOSE UNIVERSAL TORSORS ARE HYPERSURFACES
ULRICH DERENTHAL
Abstract. We classify all generalized del Pezzo surfaces (i.e., minimal desin-
gularizations of singular del Pezzo surfaces containing only rational double
points) whose universal torsors are open subsets of hypersurfaces in affine
space. Equivalently, their Cox rings are polynomial rings with exactly one
relation. For all 30 types with this property, we describe the Cox rings in
detail.
These explicit descriptions can be applied to study Manin’s conjecture on
the asymptotic behavior of the number of rational points of bounded height
for singular del Pezzo surfaces, using the universal torsor method.
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1. Introduction
Universal torsors were introduced by Colliot-The´le`ne and Sansuc to study the
Hasse principle and weak approximation for rational points on del Pezzo surfaces
and other geometrically rational varieties [CTS76], [CTS77b], [CTS77a], [CTS80],
[CTS87].
Universal torsors are also applied in the context of Manin’s conjecture [FMT89],
[BM90] on the asymptotic behavior of the number of rational points of bounded
height on Fano varieties. This goes back to Salberger [Sal98] and Peyre [Pey98].
After the proof of Manin’s conjecture for toric varieties (which include several del
Pezzo surfaces) by Batyrev and Tschinkel [BT98], Salberger gave a different proof
using universal torsors [Sal98].
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Subsequently, Salberger’s approach to Manin’s conjecture via universal torsors
was applied to many non-toric varieties, in particular del Pezzo surfaces. In each
case, one needs a very precise understanding of universal torsors, in particular
of defining equations. In this article, we focus on universal torsors that have a
presentation as Zariski open subsets of affine hypersurfaces.
The first examples, universal torsors over minimal desingularizations of cubic
surfaces with singularities of types E6 resp. D4, were worked out by Hassett and
Tschinkel [HT04]. This lead to the first complete proof of Manin’s conjecture for
a non-toric singular cubic surface over Q in [BBD07] and was a starting point in
the program to study Manin’s conjecture for all types of split singular del Pezzo
surfaces over number fields and function fields.
For an overview of further progress towards Manin’s conjecture for del Pezzo
surfaces over Q, we refer to [Bro07], [DT07], [Bro09]. If Manin’s conjecture is
known for a del Pezzo surface of a certain type (see Definition 3 and Remark 4),
we give a reference to the proof in Tables 3–9.
Del Pezzo surfaces of some types are toric or equivariant compactifications of the
additive group G2a (classified in [DL10]), so Manin’s conjecture follows from [BT98]
or [CLT02], without using universal torsors. We observe that most other proofs of
Manin’s conjecture are concerned with one particular example of a split singular
del Pezzo surface such that a universal torsor of its minimal desingularization is an
open subset of an affine hypersurface. So far, all proofs for examples of this kind
are based on the description of universal torsors given in [HT04] or in (preliminary
versions of) our work that we present here.
Bourqui [Bou11] proved Manin’s conjecture for toric varieties over function fields
using techniques analogous to [BT98]. Additionally, he developed universal torsor
methods over function fields to prove Manin’s conjecture for some non-toric del
Pezzo surfaces [Bou09], [Bou12]. His work also uses our explicit description of
universal torsors of del Pezzo surfaces.
From here, we work over an algebraically closed field of characteristic 0. We
use the following terminology. A normal projective surface with ample anticanon-
ical class is called ordinary del Pezzo surface if it is non-singular, or singular del
Pezzo surface if its singularities are rational double points. A generalized del Pezzo
surface is a non-singular projective surface whose anticanonical class is big and
nef. Generalized del Pezzo surfaces are precisely ordinary del Pezzo surfaces and
minimal desingularizations of singular del Pezzo surfaces.
Universal torsors are closely related to Cox rings: Cox rings of generalized del
Pezzo surfaces are finitely generated, and a Zariski open subset of Spec(Cox(S˜)) is a
universal torsor over the generalized del Pezzo surface S˜ [Has09, Theorems 5.6, 5.7].
Therefore, determining generators of Cox(S˜) and all relations between them gives
coordinates and defining equations for the affine variety Spec(Cox(S˜)) containing
a universal torsor.
While there is no canonical choice of generators of Cox(S˜), we will see (Lemma 5)
that Cox(S˜) can be described by a certain minimal number of generators and rela-
tions that are homogeneous with respect to the natural Pic(S˜)-grading of Cox(S˜)
and whose degrees with respect to this grading are uniquely defined. Whenever we
mention (numbers and degrees of) generators and relations of Cox rings, we refer
to such minimal sets of homogeneous generators and relations.
As universal torsors of a generalized del Pezzo surface S˜ of degree d have dimen-
sion dim(S˜) + rk(Pic(S˜)) = 12− d, we can distinguish three cases:
(1) Precisely in the toric case [Cox95], [HK00, Corollary 2.10], Cox rings are
polynomial rings in 12−d variables (without relations), and their universal
torsors can be presented as open subsets of affine space A12−d.
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(2) For Cox rings that are isomorphic to the quotients of polynomial rings in
13 − d variables by one relation, the corresponding universal torsors are
open subsets of affine hypersurfaces in A13−d.
(3) If there are at least 14 − d generators and more than one relation in the
Cox ring, universal torsors are open subsets of (possibly non-complete)
intersections of at least two hypersurfaces in affine space of dimension ≥
14− d.
For applications such as Manin’s conjecture, it is interesting to distinguish be-
tween these three cases. In case (1), Manin’s conjecture is known by the work of
Batyrev and Tschinkel [BT98]. It turns out that it tends to be easier to prove
Manin’s conjecture for del Pezzo surfaces in case (2) than in case (3).
For an ordinary del Pezzo surface S˜, the Cox ring depends essentially on the
degree d. For d ≥ 6, S˜ is toric, so we are in case (1). For d ≤ 5, the Cox ring has
been determined in [BP04], [STV07], [LV09], [TVAV09], and it turns out that we are
in case (3). Here, Cox(S˜) has one generator corresponding to each negative curve on
S˜, plus two generators of anticanonical degree in case d = 1 [BP04, Theorem 3.2].
For generalized del Pezzo surfaces, the shape of the Cox ring depends not only
on the degree. The classification of generalized del Pezzo surfaces is closely related
to the classification of singular del Pezzo surfaces, which was done in degree 3 by
Schla¨fli [Sch63] and Cayley [Cay69] and in degrees 1 and 2 by Du Val [DV34]. This
leads to a finite number of types (see Definition 3), where each type in degree d ≤ 7
corresponds to a subsystem of the root system Rd in Table 1. Each type may be
described by the degree, the types of the ADE-singularities and the number of the
lines on the corresponding singular del Pezzo surfaces (where the number of lines
may be ignored in most cases; see Remark 4).
d 7 6 5 4 3 2 1
Rd A1 A2 +A1 A4 D5 E6 E7 E8
Table 1. Root systems Rd of del Pezzo surfaces of degree d
As the example of the E6 cubic surface [HT04] shows, Cox(S˜) may have genera-
tors whose degrees are neither classes of negative curves nor the anticanonical class.
However, the following result allows us to determine the degrees of generators of
Cox(S˜) recursively, starting with del Pezzo surfaces of high degree ≥ 7, which are
always toric, so that their Cox ring is known by [Cox95]. We denote the class of a
divisor D by D¯; in particular, −K¯S˜ is the class of an arbitrary anticanonical divisor
−KS˜ on S˜.
Theorem 1. Let S˜ be a generalized del Pezzo surface. Then the number and degrees
of generators and relations of Cox(S˜) depend only on the type of S˜.
If deg(S˜) ∈ {2, . . . , 7}, then the Pic(S˜)-degree of each generator of Cox(S˜) is the
class of a negative curve or −K¯S˜ or ρ
∗D¯ for some contraction ρ : S˜ → S˜′ of a
negative curve on S˜ and the degree D¯ of a generator of Cox(S˜′).
In Section 2, we present facts about del Pezzo surfaces and their universal torsors
and Cox rings. We prove Theorem 1 (in the slightly more precise version stated as
Theorem 8) and several auxiliary results. We show how to determine the shape of
the Cox rings for all types of generalized del Pezzo surfaces in every degree d, given
only their abstract classification via root systems.
We compute the degrees of generators and relations of the Cox ring for each
type in a purely “combinatorial” way, without using projective models, in Steps 1
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and 2. Whenever this leads to case (2) of Cox rings with one relation, we show
how to determine an explicit description of the corresponding singular del Pezzo
surfaces S and of Cox(S˜). It seems interesting to note that we first construct
Cox(S˜) by choosing a relation in Step 3, and then extract an explicit description
of S from this in Step 4, together with extra information on the structure on S, its
desingularization S˜ and generators of Cox(S˜).
We construct S and S˜ in a way that they are defined and split over Q (i.e., S˜ is
obtained from P2 by a series of blow-ups, each defined over Q, and S and its lines
and singularities are all defined over Q). Also Cox(S˜) is defined over Q. Therefore,
our results cover the case of split del Pezzo surfaces over Q. The classification,
geometry and arithmetic of non-split del Pezzo surfaces over Q is more involved,
see for example [CT88].
Some (but not all) of our del Pezzo surfaces can be equipped with a complexity
one torus action, so that their Cox rings can also be determined using the methods
of Hausen and Su¨ß [HS10] once a projective model is known. For some singular
del Pezzo surfaces, Cox rings have been determined by this method; see [Hau13,
Theorems 3.23–3.26] and the references therein.
The fact that our construction starts with the abstract classification of del Pezzo
surfaces instead of an explicit description of each type (for example by defining
equations) seems both natural and useful in practice (lists of defining equations do
not seem to be readily available in degrees other than 3 and 4).
This leads to the following classification (see also Table 2):
Theorem 2. The Cox rings of generalized del Pezzo surfaces S˜ of the following
types have a minimal set of 13− deg(S˜) generators with one relation:
• degree 6: types A1 (with three lines), A2;
• degree 5: types A1, A2, A3, A4;
• degree 4: types 3A1, A2+A1, A3 (with five lines), A3+A1, A4, D4, D5;
• degree 3: types D4, A3 + 2A1, 2A2 +A1, A4 +A1, D5, A5 +A1, E6;
• degree 2: types D5+A1, E6, 2A3+A1, A5+A2, D4+3A1, D6+A1, E7;
• degree 1: types E6 +A2, E7 +A1, E8.
All other types are either toric or have Cox rings with at least two relations.
degree toric 1 relation ≥ 2 relations
9 1 type – –
8 3 types – –
7 2 types – –
6 4 types 2 types –
5 2 types 4 types 1 type
4 3 types 7 types 6 types
3 1 type 7 types 13 types
2 – 7 types 39 types
1 – 3 types 71 types∑
16 types 30 types 130 types
Table 2. Relations in Cox rings of generalized del Pezzo surfaces
In Section 3, we give a detailed presentation of the results. For Cox rings with one
relation, our choice of data listed there is lead on the one hand by the question which
information is crucial to determine the Cox rings and to describe them precisely,
and on the other hand by the question which information is needed for applications
such as Manin’s conjecture (see [DT07] and [Der09] for a systematic description of
some aspects).
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2. Construction
For the minimal desingularization S˜ of every singular del Pezzo surface S, we
determine whether its Cox ring Cox(S˜) has precisely one relation. If this is the
case, we give an explicit and natural description of S in (weighted) projective space
with its lines and singularities, of S˜ as a blow-up of P2 with its negative curves,
and of the generators and relation in Cox(S˜).
In this section, we describe how this can be achieved starting with the abstract
classification of generalized del Pezzo surfaces via root systems. When we determine
the number of generators and relations of Cox(S˜), it turns out that the information
mentioned above can be extracted along the way. In particular, we construct an
anticanonical embedding of S via the Cox ring.
2.1. Classification of generalized del Pezzo surfaces. Let K be an alge-
braically closed field of characteristic 0. In this section, we recall the classification
of generalized del Pezzo surfaces via root systems. For basic properties of gener-
alized del Pezzo surfaces, see also [DP80, §III], [CT88], [AN06], [Dol12, §8] (where
they are called rational surfaces of negative type, generalized del Pezzo surfaces,
Gorenstein log del Pezzo surfaces, weak del Pezzo surfaces, respectively).
Let S˜ be a generalized del Pezzo surface. Its Picard group Pic(S˜) is equipped with
the intersection form (·, ·), which is a non-degenerate bilinear form. For n ∈ Z, a
curve C on S˜ is called an (n)-curve if C is isomorphic to P1 and its class C¯ ∈ Pic(S)
has self intersection number (C¯, C¯) = n. A negative curve is an (n)-curve with
n < 0. The degree deg(S˜) of a generalized del Pezzo surface is the self intersection
number of its anticanonical class −K¯S˜. The Picard group Pic(S˜) of a generalized
del Pezzo surface is free of rank 10− deg(S˜).
Any generalized del Pezzo surface S˜ is isomorphic to P2 (of degree 9), P1 × P1,
the Hirzebruch surface F2 (both of degree 8) or a blow-up of P
2 in r ≤ 8 points in
almost general position (of degree 9 − r), i.e., we have a map ρ : S˜ → P2 that is a
composition
(2.1) S˜ = S˜r
ρr
−→ S˜r−1 → · · · → S˜1
ρ1
−→ S˜0 = P
2,
where ρi : S˜i → S˜i−1 is the blow-up of a closed point pi ∈ S˜i−1 not lying on a
(−2)-curve on S˜i−1 (see [Dol12, Proposition 8.1.16]).
A generalized del Pezzo surface S˜ is ordinary if and only if it does not contain
(−2)-curves, i.e., if it is P2 or P1 × P1 or the blow-up of P2 in r points in general
position. In the notation above, general position means that p1, . . . , pr do not lie
on (−1)-curves, and additionally for r = 8, the point p8 is not a double point on a
(2)-curve. Equivalently, p1, . . . , p8 are distinct points in P
2, with no three on one
line, no six on one conic and no eight on a cubic curve in P2 with one of them a
singular point of that curve.
If S˜ is a blow-up of P2 in r points as in (2.1), let ℓ0 = ρ
∗OP2(1) and ℓi be the
class of the total transform on S˜ of the exceptional divisor of ρi, for i = 1, . . . , r.
Then ℓ0, ℓ1, . . . , ℓr form a basis of Pic(S˜). The intersection form is defined on this
6 ULRICH DERENTHAL
basis by
(ℓi, ℓj) =


1, i = j = 0,
−1, i = j > 0,
0, i 6= j.
In particular, excluding the cases P1 × P1 and F2 in degree 8, the Picard group
Pic(S˜) together with its intersection form depends only on the degree of S˜.
For the class of an irreducible curve C on S˜, three cases occur:
• C¯ = ℓi with i ∈ {1, . . . , r} if and only if C is the (−1)-curve that is the strict
transform of the exceptional divisor of ρi that is not blown up subsequently.
• C¯ = ℓi − ℓj with i < j ∈ {1, . . . , r} if and only if C is the (−2)-curve that
is the strict transform of the exceptional divisor of ρi, with pj on its strict
transform on S˜j−1.
• C¯ = a0ℓ0− a1ℓ1− · · ·− arℓr with a0 > 0 and a1, . . . , ar ≥ 0 if and only if C
is the strict transform of the curve ρ(C) of degree a0 in P
2, with pi a point
of multiplicity ai on its strict transform on S˜i−1, for i = 1, . . . , r. Then C
has self intersection number a20 − a
2
1 − · · · − a
2
r.
Definition 3. Two generalized del Pezzo surfaces S˜, S˜′ have the same type if there
is an isomorphism Pic(S˜) ∼= Pic(S˜′) preserving the intersection form that gives a
bijection between their sets of classes of negative curves.
For S˜ of degree d ≤ 7, the group of isomorphisms of Pic(S˜) preserving the
intersection form is the Weyl group W (Rd) of the root system
Rd = {D¯ ∈ Pic(S˜) | (D¯, D¯) = −2, (D¯,−K¯S˜) = 0},
as in Table 1.
The types of generalized del Pezzo surfaces of degree d are in bijection to the
subsystems of the root system Rd (up to automorphisms of Rd; labeled according
to the ADE-classification), except the subsystems of types 7A1 of R2 and of types
7A1, 8A1 and D4 + 4A1 of R1 (which occur only over fields of characteristic 2);
see [Ura83], [AN06]. Here, the classes of the (−2)-curves are the simple roots of
the subsystem R. Hence the Dynkin diagram of R describes the configuration of
(−2)-curves on the corresponding generalized del Pezzo surface. The classes of the
(−1)-curves are precisely the elements D¯ ∈ Pic(S˜) with (D¯, D¯) = −1, (D¯,−K¯S˜) = 1
and (D¯, E¯) ≥ 0 for all classes E¯ of (−2)-curves on S˜.
Remark 4. We note that Rd may contain root systems R,R
′ that are abstractly
isomorphic, without the existence of an automorphism of Rd mapping R to R
′.
In this case, R,R′ correspond to two different types. For example, there are two
types of generalized del Pezzo surfaces of degree 4 with an A3-configuration of
(−2)-curves: one with four and one with five (−1)-curves.
It turns out that the type of a generalized del Pezzo surface is uniquely deter-
mined by its degree, its configuration of (−2)-curves and its number of (−1)-curves.
Indeed, this can be checked from the data in [CT88] for degree d ≥ 4 and from
[BW79] for d = 3. The article [Ura83] lists all cases with d ∈ {1, 2} where the
configuration of (−2)-curves together with d does not determine the type uniquely.
In each case, there are precisely two types, and it is straightforward to check that
they differ by their number of (−1)-curves.
For any type, we mention the number of (−1)-curves in addition to the degree
and the ADE-type of the root system only when this is necessary to identify the
type uniquely.
In particular, there is only a finite number of types. Our first step is to find them
together with the configuration of classes of negative curves, encoded in the extended
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Dynkin diagram of negative curves. This gives the classification in Tables 3–9, which
recovers the lists in [CT88] for degree d ≥ 4, [BW79] for d = 3 and [Ura83] for d ≤ 2.
For simplicity, for d ≤ 2, we only list the types with at most 13−d negative curves;
all others have Cox rings with more than one relation by Theorem 8 below.
Step 1 (Find all types of generalized del Pezzo surfaces). We apply the procedure
described in [AN06, Section 0.3] to find all types of generalized del Pezzo surfaces.
For each type, this gives an extended Dynkin diagram of negative curves (where a
vertex marked by a circle corresponds to the class of a (−2)-curve, a vertex marked
by a square corresponds to the class of a (−1)-curve, with (E¯, E¯′) edges between
the vertices of E¯ and E¯′). It is empty for P2 and P1×P1. Otherwise, the extended
Dynkin diagram of negative curves characterizes each type uniquely.
For each type of degree d ≥ 7, we determine a sequence of contractions ρr, . . . , ρ1
of (−1)-curves corresponding to (2.1) as follows: for i = r, . . . , 1, the effect of ρi is
to remove a class E¯ with self intersection number −1 from the extended Dynkin
diagram of negative curves, to increase the self intersection number of the other
classes E¯′ by (E¯, E¯′)2 and to add (E¯, E¯′) · (E¯, E¯′′) edges between E¯′, E¯′′.
This allows us to express the classes of negative curves in terms of the basis
ℓ0, . . . , ℓr of Pic(S˜):
• E¯ = ℓi if (E¯, E¯) = −1 and (the strict transform of) E¯ is contracted by ρi.
• E¯ = ℓi − ℓj with i < j if (E¯, E¯) = −2 such that ρj increases the self
intersection number to −1 and ρi contracts its strict transform.
• E¯ = a0ℓ0 − a1ℓ1 − · · · − arℓr if E¯ is not contracted by ρ, where a0 > 0 is
the self intersection number of its image in P2 and ai ≥ 0 is the intersection
number of its strict transform on S˜i with ℓi.
Result 1. This step gives a list of all types. We identify each type by the degree,
the ADE-type of the configuration of (−2)-curves and the number of (−1)-curves.
Furthermore, we give the extended Dynkin diagram of negative curves and list the
classes E¯i of the negative curves in terms of the basis ℓ0, . . . , ℓr the Picard group.
2.2. Degrees of generators of the Cox rings. We summarize basic facts about
universal torsors and Cox rings of generalized del Pezzo surfaces; see also [CTS87],
[HT04], [ADHL]. Then we show how to find the degrees in Pic(S˜) of generators of
Cox(S˜) for S˜ of any given type, based on the description of the classes of negative
curves on S˜ obtained in Step 1. Several of the arguments and intermediate results
in this section have appeared (sometimes implicitly) in previous work on Cox rings
of rational surfaces (see [BP04], [HT04], [GM05], [TVAV11], for example).
Let S˜ be a generalized del Pezzo surface of degree d. Let D0, . . . , Dr be divisors
on S˜ such that their classes form a basis of Pic(S˜), where r = 9− d. Then the Cox
ring of S˜ with respect to D0, . . . , Dr is defined as
Cox(S˜) = Cox(S˜, D0, . . . , Dr) =
⊕
(ν0,...,νr)∈Zr+1
H0(S˜,O(ν0D0 + · · ·+ νrDr)),
where the multiplication is induced by the multiplication of global sections. A
different choice of divisors gives rise to a non-canonically isomorphic Cox ring. Our
classification results will be independent of this choice, so that we use the notation
Cox(S˜).
Since S˜ is rational and −K¯S˜ is big and nef, Cox(S˜) is a finitely generated K-
algebra by [Has09, Theorem 5.7]. It is naturally graded by Pic(S˜). For D¯ ∈ Pic(S˜),
let Cox(S˜)D¯ be its degree-D¯-part, which is isomorphic to H
0(S˜,O(D)). Whenever
we talk about homogeneous elements s ∈ Cox(S˜), this is meant with respect to
this grading, and we write deg(s) ∈ Pic(S˜) for the degree. See [ADHL] for more
information.
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For i = 0, . . . , r, let Li be the invertible sheaf O(Di), and let L◦i be the Gm-torsor
over S˜ obtained by removing the zero-section from Li. Then
T = L◦0 ×S˜ · · · ×S˜ L
◦
r
with the natural map to S˜ is a universal torsor over S˜ in the sense of [CTS87, §2]. It
is a TNS-torsor over S˜, where TNS = Hom(Pic(S˜),Gm) ∼= Gr+1m is the Ne´ron-Severi
torus with character group Pic(S˜). Then T is an open subset of the affine variety
Spec(Cox(S˜)) [Has09, Theorem 5.6].
We say that η1, . . . , ηt are (a minimal system of) generators of Cox(S˜) if they are
homogeneous, generate Cox(S˜) as a K-algebra, and if no proper subset of η1, . . . , ηt
is enough to generate Cox(S˜). Then the K-algebra homomorphism
(2.2) Ψ : K[X1, . . . , Xt]→ Cox(S˜)
defined by Ψ(Xi) = ηi for i = 1, . . . , t is surjective. By Hilbert’s basis theo-
rem, the kernel of Ψ is a finitely generated ideal. If R1, . . . , Rm ∈ K[X1, . . . , Xt]
are homogeneous (with respect to the Pic(S˜)-grading induced from Cox(S˜) via
Ψ) and generate ker(Ψ), but no proper subset generates this kernel, we say that
R1(η1, . . . , ηt) = · · · = Rm(η1, . . . , ηt) = 0 are (a minimal system of) relations in
Cox(S˜).
Lemma 5. Let S˜ be a generalized del Pezzo surface. For any minimal system
of generators and any corresponding minimal system of relations of Cox(S˜), the
numbers of their elements and the degrees of their elements depend only on S˜.
Proof. The effective cone of S˜ is strictly convex. Therefore, we have a partial
ordering on Pic(S˜), where D¯′ ≤ D¯ if and only if D¯ − D¯′ is the class of an effective
divisor. As Cox(S˜)D¯ is non-trivial only for classes of effective divisors D, this part
is only affected by generators and relations of the finitely many effective degrees
D¯′ ≤ D¯.
Therefore, for a minimal set of homogeneous generators of Cox(S˜), the number
of generators of degree D¯ is h0(S˜,O(D)) − dimHD¯ where HD¯ is the intersection
of Cox(S˜)D¯ with the subring of Cox(S˜) generated by all homogeneous s ∈ Cox(S˜)
with deg(s) < D¯, which is independent of any choices.
Similarly, the number of relations of degree D¯ is dimker(Ψ)D¯ − dim JD¯ where
ker(Ψ)D¯ is the degree-D¯-part of ker(Ψ) and JD¯ is its intersection with the ideal
generated by all homogeneous elements R of ker(Ψ) with deg(R) < D¯. 
Remark 6. Toric generalized del Pezzo surfaces are easily classified: P2, P1 × P1
and F2 are toric. If S˜ is a toric blow-up of P
2 in r points, it must be obtained
by a sequence of blow-ups of points invariant under the torus action. These are
the intersection points of the two torus-invariant curves corresponding to adjacent
rays in the fan of the toric varieties. Such a point may be blown up if the self
intersection numbers of these two curves are both ≥ −1.
It is straightforward to produce a list of all possibilities of such sequences of blow-
ups. By [Cox95], the generators of Cox(S˜) correspond to the rays in the fan of S˜.
In particular, this includes information on the configuration of negatives curves on
S˜, so that one can determine all types (as in Definition 3) of toric generalized del
Pezzo surfaces, shown in Figure 1 together with all blow-ups between them.
Our next goal is to determine the degrees of generators and relations of Cox(S˜).
Our strategy is similar to [BP04, Theorem 3.2]. The following technical lemma is
used in the proof of Theorem 8.
Lemma 7. Let S˜ be a generalized del Pezzo surface of degree d ≥ 2 that is a blow-
up of P2. Let D be a nef divisor on S˜. Then the linear system |D| has no base
points.
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d = 9 8 7 6 5 4 3
P1 × P1 Bl3 P2
xxqq
qq
qq
4A1
ww♦♦♦
♦♦
♦♦
♦♦
P2 Bl1 P
2oo Bl2 P
2
ee▲▲▲▲▲▲
oo A1(4 l.)oo
xxqq
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Figure 1. Toric generalized del Pezzo surfaces.
Proof. For d = 9, we have S˜ ∼= P2, with D trivial or very ample, so the statement
is clear.
For d < 9, if there is a (−1)-curve E on S˜ with (D¯, E¯) = 0, we consider the map
ρ : S˜ → S˜′ that contracts E. Then S˜′ is a generalized del Pezzo surface of degree
d + 1. We have D = ρ∗(D′) for some divisor D′ on S˜′. As the negative curves on
S˜′ are images of negative curves of S˜ under ρ, the divisor D′ is nef. By induction
on d, the linear system |D′| has no base points. Consequently, |D| = |ρ∗D′| has no
base points.
If there is no (−1)-curve E ⊂ S˜ with (D,E) = 0, then let m > 0 be the
minimum of (D¯, E¯) over all (−1)-curves E. Since (E¯,−K¯S˜) = 1 for all (−1)-curves
and (E¯,−K¯S˜) = 0 for all (−2)-curves, D
′ = D−m · (−KS˜) is nef, and (D¯
′, E¯) = 0
for some (−1)-curve E. As discussed before, |D′| has no base points. Since d ≥ 2,
the system | −KS˜| is also base point free. Therefore, |D| has no base points. 
All generalized del Pezzo surfaces of degree ≥ 7 are toric, so the degrees of
the generators of their Cox rings are easily determined (see Remark 6). For a
generalized del Pezzo surface of lower degree, the following result allows us to
determine recursively a finite number of potential degrees of generators of the Cox
ring.
Theorem 8. Let S˜ be a generalized del Pezzo surface of degree d ∈ {2, . . . , 7}. For
each negative curve E on S˜, there is precisely one generator of Cox(S˜) of degree E¯.
Furthermore, there are at most two generators of Cox(S˜) of degree −K¯S˜. The degree
D¯ of any other generator of Cox(S˜) is nef, and there is a contraction ρ : S˜ → S˜′
of a (−1)-curve on S˜ such that D¯ = ρ∗(D¯′) for some nef D¯′ that is the degree of a
generator of Cox(S˜′).
Proof. For d ≤ 7, the effective cone of S˜ is minimally generated by its negative
curves (see [DJT08, Theorem 3.10], for example). Therefore, h0(S˜,O(E)) = 1
for each negative curve E, and any minimal system of homogeneous generators of
Cox(S˜) contains precisely one section corresponding to E.
The degrees of all other generators of Cox(S˜) are nef. Indeed, this is a special
case of [GM05, Theorem 1], but we give a short direct argument here. If an effective
divisor D corresponding to a generator s of Cox(S˜) is not nef, then (D¯, E¯) < 0 for
some negative curve E, which implies that E is a component of D. On the other
hand, D is a prime divisor because otherwise s would be the product of sections
corresponding to its components. Therefore, D must coincide with E. See also
[TVAV11, Proposition 1].
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In the following, a distinguished section is an element of Cox(S˜) that can be ex-
pressed as a polynomial in some sections whose degrees are as in the statement of the
result. For each nef D¯ ∈ Pic(S˜), we must show that each element of H0(S˜,O(D))
is a distinguished section. We use induction over the partial order on the effective
cone in Pic(S˜). If D¯ is trivial, the claim is clear.
If (D¯, E¯) = 0 for some (−1)-curve E, consider the contraction ρ : S˜ → S˜′ of E.
Then D = ρ∗(D′) for some nef divisor D′ on S˜′, and
ρ∗ : H0(S˜′,O(D′))→ H0(S˜,O(D))
is an isomorphism. If D¯′ is not the degree of a generator of Cox(S˜′), then each
s′ ∈ H0(S˜′,O(D′)) is a polynomial in generators of Cox(S˜′) of smaller degree, so
the claim is true by induction over the degree after applying ρ∗. Otherwise, D¯′ is
the degree of a nef generator of Cox(S˜′), so any section of degree D¯ = ρ∗(D¯′) is
distinguished by definition.
If (D¯, E¯) ≥ 1 for all (−1)-curves E and (D¯, E¯) ≥ 0 for all (−2)-curves E, let
m be the minimum of (D¯, E¯) over all (−1)-curves E. Let F be a (−1)-curve with
(D¯, F¯ ) = m, and let s be a section corresponding to F .
Consider the nef divisor D′ = D − m · (−KS˜). Since |D
′| is base point free
by Lemma 7, we can choose a section s′ ∈ H0(S˜,O(D′)) whose support does not
contain F . Then s′ is a distinguished section by induction.
We consider the commutative diagram
H0(S˜,O(−mKS˜)) //
·s′

H0(F,O(−mKS˜)|F )
∼ f

0 // H0(S˜,O(D − F ))
·s // H0(S˜,O(D)) // H0(F,O(D)|F ).
By induction, any section in H0(S˜,O(D − F )) is distinguished. Therefore, it
is enough show that H0(S˜,O(D)) contains distinguished sections that restrict to
generators of H0(F,O(D)|F ), with O(D)|F ∼= OP1(m) because of (D¯, F¯ ) = m.
We have distinguished sections s1, s2 ∈ H0(S˜,O(−KS˜)) that restrict to a basis
of H0(F,O(−KS˜)|F ). Indeed, |−KS˜| is base point free by Lemma 7 (using d ≥ 2).
This shows that Cox(S˜) has at most two generators of degree −K¯S˜.
For any other D¯, the distinguished sections s′si1s
m−i
2 for i = 0, . . . ,m restrict to
a basis of H0(F,O(D)|F ) since si1s
m−i
2 restrict to a basis of H
0(F,O(−mKS˜)|F )
and since multiplication by s′ restricts to the isomorphism f by (D¯′, F¯ ) = 0. 
Lemma 9. Let S˜ be a generalized del Pezzo surface whose Cox ring has t generators
of degrees D¯1, . . . , D¯t and one relation of degree D¯0. For any D¯ ∈ Pic(S˜), let d(D¯)
be the number of ways to express D¯ as a non-negative integral linear combination
of D¯1, . . . , D¯t. Then Cox(S˜)D¯ has dimension d(D¯)− d(D¯ − D¯0). If D¯ is nef, this
is equal to the Euler characteristic χ(O(D)) = 12 ((D¯, D¯) + (D¯,−K¯S˜)) + 1.
Proof. Since there is only one relation, we have the exact sequence
0→ K[X1, . . . , Xt]→ K[X1, . . . , Xt]→ Cox(S˜)→ 0,
where the second map is Ψ as in (2.2) and the first map is multiplication by the
relation R generating ker(Ψ). If we consider the first K[X1, . . . , Xt] with the Pic(S˜)-
grading induced from Cox(S˜) shifted by the degree D¯0 of the relation, this is an
exact sequence of graded vector spaces, where the degree-D¯-part has dimension
d(D¯) in the middle and dimension d(D¯ − D¯0) on the left hand side because of the
shift. The first claim follows.
The second claim holds by the vanishing theorem of Kawamata–Viehweg as in
[HT04, Corollary 1.10] and the Riemann–Roch formula. 
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The following result allows us to show that the Cox ring has more than one
relation even in some cases with ≤ 13− d negative curves.
Proposition 10. Let S˜ be a generalized del Pezzo surface. Let ρ : S˜ → S˜′ be the
contraction of a (−1)-curve on S˜. If Cox(S˜) has t generators, then Cox(S˜′) has at
most t− 1 generators.
Proof. Let r = 9 − d. Via the natural embedding ρ∗ : Pic(S˜′) →֒ Pic(S˜), we may
assume that Pic(S˜′) has the basis ℓ0, . . . , ℓr−1, and Pic(S˜) has the basis ℓ0, . . . , ℓr,
where ℓr is the class of the exceptional divisor of ρ. Let us assume that Cox(S˜)
is minimally generated by η1, . . . , ηt. Since this includes sections corresponding to
all negative curves by Theorem 8, we may assume that deg(ηt) = ℓr. Furthermore,
in a minimal set of generators, the curve corresponding to a generator of Cox(S˜)
must be irreducible. Therefore, in all cases except the exceptional divisor of ρ, it
is the strict transform of an irreducible curve corresponding to a section η′i on S˜
′,
so deg(ηi) = deg(η
′
i)− kiℓr and ρ
∗(η′i) = ηiη
ki
t , where ki is a non-negative integer.
We claim that η′1, . . . , η
′
t−1 generate Cox(S˜
′). Indeed, for each D¯′ ∈ Pic(S˜′),
the map ρ∗ : H0(S˜′,O(D′)) → H0(S˜, ρ∗O(D′)) is an isomorphism. Therefore,
any ρ∗(s) with deg(s) = D¯′ can be expressed as a linear combination of mono-
mials in η1, . . . , ηt. We note that any η
a1
1 · · · η
at−1
t−1 η
at
t of degree ρ
∗D¯′ is the pull-
back of (η′1)
a1 · · · (η′t−1)
at−1 of degree D¯′ via ρ∗ because of the relation between
deg(ηi), deg(η
′
i) mentioned above (where at =
∑t−1
i=1 kiai because of the degree).
Therefore, s can be expressed using only η′1, . . . , η
′
t−1. 
Step 2 (Determine the degrees of generators and of the relation of the Cox ring).
For any type of degree d, each of the s classes E¯1, . . . , E¯s of negative curves is the
degree of a generator ηi of Cox(S˜). If s ≥ 14− d, then Cox(S˜) has more than one
relation. If s ≤ 13− d, we check whether the contraction of some (−1)-curve leads
to a generalized del Pezzo surface S˜′ of degree d+1 whose Cox ring has more than
one relation and hence more than 13 − (d + 1) generators. If this is the case, the
Cox ring of S˜ has more than 13− d generators by Proposition 10 and hence more
than one relation.
Otherwise, we determine finitely many nef degrees D¯i that may be degrees of
generators of Cox(S˜) recursively using Theorem 8. We assume that their ordering
D¯1, . . . , D¯t is compatible with the partial ordering of Pic(S˜) (i.e., if D¯i < D¯j, then
i < j). For i = 1, . . . , t, we apply Lemma 9 to D¯i as follows: with the knowledge
of the number of generators in each degree D¯1, . . . , D¯i−1 and whether a relation of
some degree D¯0 < D¯i is known, we compute d(D¯i) or d(D¯i)−d(D¯i− D¯0) under the
assumption that there is no generator and no relation of degree D¯i. If this number
is smaller than χ(D¯i), there must be generators of degree D¯i. If it is larger, there
must be a relation; in this case, we look for the smallest of the finitely many degrees
D¯0 ≤ D¯i where this relation occurs.
If we end up finding 13 − d generators, but no relation yet, we look for it in
multiples of −K¯S˜ (where it must show up because −K¯S˜ is in the interior of the
effective cone), and then in all smaller degrees.
Result 2. We list the degrees E¯i of the nef generators of the Cox ring and the
degree of the relation in terms of ℓ0, . . . , ℓr and compute their self intersection
numbers. We add these degrees to the extended Dynkin diagram of negative curves
to obtain the extended Dynkin diagram of Cox ring generators (with a vertex for the
degree of each generator of the Cox ring, with edges corresponding to intersection
numbers, and with circles and squares marking classes of (−2)- and (−1)-curves
as in Step 1). In case of toric generalized del Pezzo surfaces, the extended Dynkin
diagram of Cox ring generators is “circular” by Remark 6.
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Remark 11. In degree d = 1, Lemma 7 turns out to be false in some cases, and we
do not know whether Theorem 8 is always true. However, working in the following
Step 3 under the assumption that Theorem 8 still holds gives the correct result, as
we can confirm at the end using the techniques of [HT04] or [HS10]. The latter
applies only to S˜ with a suitable K∗-action. For every type of generalized del Pezzo
surface where we find 13 − d generators, there is one isomorphy class with such a
structure. By the proof of Lemma 5 and Lemma 9, other isomorphy classes of the
same type have the same number and degrees of generators.
2.3. Construction of generalized del Pezzo surfaces. The type does not de-
termine the surface up to isomorphism. For example, the type of an ordinary del
Pezzo surface depends only on the degree d (except for d = 8, where P1× P1 and a
blow-up of P2 in one point have different types), but it is unique up to isomorphism
only if d ≥ 5. For each type where the Cox rings have one relation, it turns out
that there are only one or two isomorphism classes. Two isomorphism classes occur
only for type D4 in degree 3, for types D5 +A1 and E6 in degree 2 and for types
E6 +A2, E7 +A1 and E8 in degree 1 (see [BW79] and [Ye02]).
So far, everything is purely combinatorial and depends only on the type, but not
on the isomorphy class of S˜. A good choice of the relation in Cox(S˜) will determine
S˜.
Lemma 12. Let S˜ be a generalized del Pezzo surface of degree d ≤ 7 whose Cox
ring has 13− d generators η1, . . . , η13−d with corresponding divisors E1, . . . , E13−d,
and one relation R(η1, . . . , η13−d) = 0. Let ρ : S˜ → P2 be the contraction of (the
strict transforms of) Ei for i ∈ I with #I = 9− d.
Then we may choose coordinates y0, y1, y2 in P
2 such that ρ(Eij ) = {yj = 0}
for j = 0, 1, 2 and such that ρ(Ei3 ) = {R
′(y0, y1, y2) = 0} for some homogeneous
polynomial R′ of degree (E¯i3 , ℓ0), with I ∪ {i0, . . . , i3} = {1, . . . , 13− d}.
Furthermore, we may normalize y0, y1, y2 and R
′ such that the substitution of
the variables ηij by yj, for j = 0, . . . , 3, and ηi by 1, for i ∈ I, in the relation
R(η1, . . . , η13−d) = 0 results in y3 −R′(y0, y1, y2) = 0.
Proof. As described in Section 2.1, any such S˜ is obtained as a composition of
9 − d blow-ups of P2 as in (2.1), and the strict transforms of the exceptional divi-
sors are negative curves on S˜ (corresponding to generators ηi of Cox(S˜) satisfying
(deg(ηi), ℓ0) = 0, for i ∈ I of cardinality 9− d).
For any choice of independent sections y0, y1, y2 ∈ H0(P2,O(1)), the sections
ρ∗(yj) have degree ℓ0 and are linearly independent. Looking at the three possibil-
ities for E¯i as a linear combination of ℓ0, . . . , ℓr listed in Step 1 (where the third
option also holds for the nef degrees of the additional generators), we see that the
coefficient ai,0 = (deg(ηi), ℓ0) of ℓ0 must be 1 for at least three indices i ∈ {i0, i1, i2}.
Then we may choose y0, y1, y2 such that ρ(Eij ) = {yj = 0}. Furthermore, for the
remaining index i3, the curve ρ(Ei3 ) has degree ai3,0 = (deg(ηi3), ℓ0), so it is de-
scribed by a homogeneous polynomial R′(y0, y1, y2) of that degree.
Let y3 ∈ H0(P2,O(ai3,0)) be a section vanishing on ρ(Ei3 ). For j = 0, . . . , 3,
we normalize yj such that ρ
∗(yj) is a product of ηij and a monic monomial in
{ηi | i ∈ I}, and we normalize R′ such that y3 − R′(y0, y1, y2) = 0 is a relation in
H0(P2,O(ai3,0)).
Therefore, its pullback via ρ∗ is a relation of degree ai3,0ℓ0 in Cox(S˜). But
by assumption, any relation in Cox(S˜) is a product of R(η1, . . . , η13−d) = 0 and
some polynomial expressionR′′(η1, . . . η13−d). Looking at the term ρ
∗(y3) of ρ
∗(y3−
R′(y0, y1, y2)) and the ℓ0-component of the degrees, we see that R
′′ can only involve
{ηi | i ∈ I}. The final claim follows by our choice of normalizations. 
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If the Cox ring of some type of generalized del Pezzo surfaces of degree d ≤ 7
has 13− d generators and one relation, fixing an explicit polynomial expression for
the relation determines S˜ uniquely. Indeed, this is abstractly clear, because S˜ is
the GIT quotient of Spec(Cox(S˜)) by the action of TNS determined by the degrees
of the generators of Cox(S˜).
But we can also obtain an explicit description of S˜ as a blow-up ρ : S˜ → P2
of the projective plane from the relation R and from the degrees of the generators
of Cox(S˜) found in Step 2. We choose coordinates in P2 as in Lemma 12 and
determine the images of the divisorsEi corresponding to the generators ηi of Cox(S˜)
that are not contracted by ρ. The multiplicity of pj on the strict transform of Ei is
ai,j = (E¯i, ℓj), which is easily read off the expressions for all E¯i in terms of ℓ0, . . . , ℓr
found in Step 2. It turns out that p1, . . . , p9−d are always determined uniquely by
these multiplicities and the images ρ(Ei) of the non-contracted Ei.
We may also determine ρ(Ei) for the contracted Ei (i ∈ I) as follows. As
described in the proof of Lemma 12, ρ∗(yj) is the product of ηij and a monic
monomial in all ηi with i ∈ I. This monomial can be determined just from the
knowledge of the degrees of all ηi and ρ
∗(yj). If ηi occurs in the resulting expression
for ρ∗(yj), then ρ(Ei) must lie on ρ(Eij ). It turns out that this always determines
ρ(Ei) uniquely.
Therefore, the relation R also determines the generators η1, . . . , η13−d of Cox(S˜)
up to constant factors: for i ∈ I, the section ηi corresponds to the strict transform
of the exceptional divisor of the corresponding blow-up; for i ∈ {i0, . . . , i3}, the
section ηi corresponds to the strict transform of ρ(Ei).
Step 3 (Determine the relation in the Cox ring). As there is a relation in degree
D¯0, there are h
0(S˜,O(D0)) + 1 ways to write D¯0 as a non-negative integral linear
combination of E¯1, . . . , E¯13−d. Therefore, the relation R is a linear combination of
the corresponding h0(S˜,O(D0)) + 1 monomials in the generators η1, . . . , η13−d of
Cox(S˜).
To construct an explicit description of S˜ and Cox(S˜), we choose a candidate
for the relation (see also Example 13; confirming the correctness of the choice of
relation is part of Step 4 below) for each isomorphism class of S˜ of each type and
determine ρ(Ei) for all i = 1, . . . , 13− d from it.
Result 3. We list the relation R(η1, . . . , η13−d) and the images of the curves Ei
corresponding to the generators ηi of Cox(S˜) unter ρ : S˜ → P2. Here, ρ(Ei) is a
point for i ∈ I, ρ(Eij ) = {yj = 0} for j = 0, 1, 2, and ρ(Ei3) = {R
′(y0, y1, y2) = 0}.
Example 13. Different choices of a relation R may lead to isomorphic or non-
isomorphic S˜ (as mentioned in Section 2.1). Furthermore, it is not possible to
choose an arbitrary relation between the monomials in η1, . . . , η13−d of degree D¯0.
For example, in case of type D4 in degree d = 3, the monomials of the degree ℓ0
of the relation are η2η
2
5η8, η3η
2
6η9, η4η
2
7η10, η1 · · · η7. The curves contracted by ρ are
E2, . . . , E7, and ρ(E1), ρ(E8), ρ(E9), ρ(E10) are lines in P
2. The two non-isomorphic
choices that can be found in Section 3.5 correspond to the configurations where
ρ(E1) meets the other lines in distinct points, but these may or may not meet each
other in the same point. However, one cannot choose the relation η2η
2
5η8+η3η
2
6η9+
η1 · · · η7 = 0 because this would lead to ρ(E1), ρ(E8), ρ(E9) meeting in one point,
which is impossible because the first blow-up of p1 must be on ρ(E1) ∩ ρ(E8) but
not on ρ(E9).
2.4. Singular del Pezzo surfaces. Singular del Pezzo surfaces of degree 3 were
classified by Schla¨fli [Sch63] and Cayley [Cay69]; see [BW79] for a more modern
treatment. In degree 4, see [HP52]. All types of degree ≥ 4 can also be found in
[CT88]. A classification of del Pezzo surfaces of degrees 2 and 1 was done by Du
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Val [DV34], see also [Ura83]. A modern presentation of these results can be found
in [BBD84] and [AN06].
For a generalized del Pezzo surface S˜ of degree d, the linear system | −KS˜ | is
d-dimensional. Let
P[d] =


Pd, d ≥ 3,
P(2, 1, 1, 1), d = 2,
P(3, 2, 1, 1), d = 1.
For any d, we have a morphism π : S˜ → P[d], defined as follows:
• For d ≥ 3, the morphism π is defined by the choice of a basis x0, . . . , xd ∈
H0(S˜,O(−KS˜)).
• For d = 2, it is defined by a basis x1, x2, x3 ∈ H
0(S˜,O(−KS˜)) and some
x0 ∈ H0(S˜,−2KS˜) linearly independent of x
2
1, x
2
2, x
2
3, x1x2, x1x3, x2x3.
• For d = 1, it is defined by suitable x0 ∈ H0(S˜,−3KS˜), x1 ∈ H
0(S˜,−2KS˜)
and a basis x2, x3 ∈ H0(S˜,O(−KS˜)).
Let S ⊂ P[d] be the image of S˜ under π. If S˜ is ordinary, π is an embedding, so
S ∼= S˜. Otherwise, π contracts the (−2)-curves on S˜ to rational double points (i.e.,
ADE-singularities) on S and is an embedding in their complement. More precisely,
the preimage under π of a singularity p of ADE-type on S is a connected tree of
(−2)-curves on S˜ such that the corresponding connected component of (−2)-curves
in the extended Dynkin diagram of negative curves has the same ADE-type as p.
The image of a (−1)-curve on S˜ under π is a line on S if d ≥ 3. For simplicity, we
use the term line on S also for the image of a (−1)-curve on S˜ under π for d = 1, 2.
Therefore, S is a singular del Pezzo surface with minimal desingularization S˜.
We have −K¯S˜ = π
∗(−K¯S).
The type of a singular del Pezzo surface S is the type of its minimal desingular-
ization S˜. As in Remark 4, the type of S can be described by its degree, the types
of its ADE-singularities and the number of its lines.
A singular del Pezzo surface of degree d can be described explicitly as follows:
• For d ≥ 5, the singular del Pezzo surface S is the non-complete intersection
of d(d− 3)/2 quadrics in Pd [HW81, Theorem 4.4].
• For d = 4, it is the complete intersection of two quadrics in P4.
• For d = 3, it is a cubic surface in P3.
• For d = 2, it is a surface in P(2, 1, 1, 1) of weighted degree 4.
• For d = 1, it is a surface in P(3, 2, 1, 1) of weighted degree 6.
The composition of a rational inverse of π : S˜ → S and ρ : S˜ → P2 is a birational
map φ : S99KP2, resulting in the following diagram:
S˜
ρ
$$❏
❏❏
❏❏
❏❏
❏❏
❏
pi

P[d] ⊃ S
φ //❴❴❴ P2
Step 4 (Determine the singular del Pezzo surface). For this, we determine all
monomials in η1, . . . , η13−d of degree −K¯S˜. Keeping the relation R in mind, we
choose monomials M0, . . . ,Md that form a basis of H
0(S˜,O(−KS˜)). For d ≥ 3,
we define π : S˜ → Pd via π∗(xi) = Mi, for i = 0, . . . , d. We choose additionally
suitable independent monomials of degree −2KS˜ if d = 1, 2 and −3KS˜ if d = 1 and
get π : S˜ → P[d] by defining π∗(xi) to be a chosen monomial in H0(S˜,−diKS˜) for
each coordinate xi of weighted degree di in P[d] = P(d0, d1, d2, d3).
Using R, we express any other monomial M of degree −K¯S˜ as a linear combi-
nation M =
∑d
i=0 αiMi of M0, . . . ,Md. Then M = π
∗(
∑d
i=0 αixi).
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Next, we want to find equations defining S in P[d]. If F (x0, . . . , xd) = 0 on
S for a (weighted) homogeneous polynomial of (weighted) degree d0, then also
F (π∗(x0), . . . , π
∗(xd)) = 0, giving a relation of degree −d0KS˜ in Cox(S˜). As the
ideal of relations is generated by R by assumption, this must be a multiple of R.
As described above, we know how many independent equations of which degree
define S. Therefore, we can write down all monomials in x0, . . . , xd of that degree,
apply π∗ and find relations between the resulting monomials in η1, . . . , η13−d usingR
until the corresponding homogeneous equations in x0, . . . , xd are enough to define S.
To confirm that we have chosen a suitable relation in Cox(S˜) in Step 3 that
gives rise to a singular del Pezzo surface S of the expected type, we compute the
minimal desingularization of S by finding and blowing up the singularities, and we
determine the configuration of the (−2)-curves obtained from the singularities and
the (−1)-curves obtained as the strict transforms of the lines on S. We compare
the resulting extended Dynkin diagram of negative curves with the one computed
in Step 1. If we have two isomorphism classes of the same type, we find a geometric
property that shows that our construction gives two non-isomorphic surfaces of this
type. If this reveals that we have made an unsuitable choice of relation, we go back
to Step 3.
Next, we determine π(Ei) for i = 1, . . . , 13 − d. Here, we use that ηi occurs in
the monomial π∗(xj) if and only if xj vanishes on π(Ei), and similarly for π
∗ of the
linear combinations of x0, . . . , xd mentioned above.
This gives another description of the divisors corresponding to the generators of
Cox(S˜). If one computes S˜ from S by resolving the singularities, one can determine
which exceptional divisor is which (−2)-curve using the extended Dynkin diagram
of Cox ring generators.
Finally, to find an explicit expression for φ : S99KP2, we first constructs its
inverse ψ : P299KS, which is defined by (y0 : y1 : y2) 7→ x ∈ S ⊂ P[d]. Here, the
i-th component xi of x is obtained from the expression π
∗(xi) in η1, . . . , η13−d by
substituting ηi by 1 for i ∈ I, and ηij by yj for j = 0, . . . , 3 (where we rewrite
y3 in terms of y0, y1, y2 using y3 − R′(y0, y1, y2) = 0, which is obtained from R
by the same substitutions; see Lemma 12). If xi has weighted degree di, then the
expression in terms of y0, y1, y2 has degree 3di.
Then it is straightforward to compute the inverse φ. For d ≥ 3, we choose the
sequence of contractions in the Dynkin diagram of negative curves in Step 1 such
that φ is a projection to three coordinates xi. For d = 2, φ is given by monomials
of weighted degree 2. For d = 1, it is given by monomials of weighted degree 3.
Result 4. We list the equations defining S ⊂ P[d]. We describe the anticanonical
map π : S˜ → P[d] by expressing π∗(xi) in terms of η1, . . . , η13−d. We also list all
other π∗(
∑
αixi) that are monomials in η1, . . . , η13−d.
We list π(E1), . . . , π(E13−d): for a (−2)-curve, this is a point, namely the sin-
gularity it arises from (for which we give the ADE-type); for a (−1)-curve, it is
a line (which we describe as an intersection of d − 1 hyperplanes if d ≥ 3); for a
nef curve, it is a curve of higher degree (which we describe as an intersection of
hypersurfaces).
Whenever more than two Ei intersect pairwise on S˜ (which results in a triangle
in the extended Dynkin diagram of Cox ring generators in case of three pairwise
intersecting curves), we also determine whether they meet in one common point
(sometimes, this helps to distinguish different isomorphy classes of S˜; it is also
interesting for applications). If so, we compute its image under π.
We list the projection φ : S99KP2. We list its inverse ψ : P299KS only for d = 1, 2,
as it is easily recovered from φ for d ≥ 3.
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3. Classification
In this section, we present our classification of Cox rings of generalized del Pezzo
surface, as summarized in Theorem 2. It is obtained using the results of Section 2,
following the strategy of Steps 1–4. The presentation of del Pezzo surfaces where
the Cox ring has one relation is as described in Results 1–4 in Section 2.
3.1. Degree 7, 8, 9. Ordinary del Pezzo surfaces are P2 of degree 9, the blow-up
Bl1 P
2 of P2 in one point and P1 × P1 of degree 8, and the blow-up Bl2 P2 of P2 in
two distinct points of degree 7. The additional generalized del Pezzo surfaces are
the Hirzebruch surface F2 of degree 8 and the blow-up of Bl1 P
2 in a point on its
exceptional divisor.
It is easy to check that all of them are toric (see Remark 6). We list them
together with some basic properties and their cyclic Dynkin diagrams of Cox ring
generators in Table 3.
degree type singularities (−1)-curves type Dynkin diagram
9 P2 − 0 toric (1, 1, 1)
8 Bl1 P
2 − 1 toric (1, 0,−1, 0)
8 P1 × P1 − 0 toric (0, 0, 0, 0)
8 F2 A1 0 toric (2, 0,−2, 0)
7 Bl2 P
2 − 3 toric (0,−1,−1,−1, 0)
7 A1 2 toric (1, 0,−2,−1,−1)
Table 3. Del Pezzo surfaces of degree ≥ 7
3.2. Degree 6. The classification of generalized del Pezzo surfaces S˜ of degree 6
can be found in [CT88, Proposition 8.3], see Table 4. Ordinary sextic del Pezzo
surfaces and types A1 with four lines, 2A1 and A2 + A1 are toric, with cyclic
Dynkin diagrams of Cox ring generators
(−1,−1,−1,−1,−1,−1), (0,−1,−1,−2,−1,−1),
(0,−2,−1,−2,−1, 0), (1, 0,−2,−2,−1,−2),
For every type, considering the configuration of blown-up points shows that the
corresponding del Pezzo surface is unique up to isomorphism. For the remaining
types, we determine Cox(S˜) using the procedure described in Section 2.
singularities lines type reference
− 6 toric [BT98]
A1 4 toric [BT98]
A1 3 1 relation [CLT02], [Bro09]
2A1 2 toric [BT98]
A2 2 1 relation [CLT02], [Lou10]
A2 +A1 1 toric [BT98]
Table 4. Del Pezzo surfaces of degree 6
Type A1. Anticanonical model π : S˜ → S ⊂ P6:
x0x1 − x3x6 = x0x2 − x4x6 = x0x5 − x3x4 = x1x4 − x2x3
= x2x3 − x5x6 = x0x1 + x0x2 + x1x2 = x0x3 + x0x4 + x2x3
= x1x5 + x
2
3 + x3x4 = x2x5 + x3x4 + x
2
4 = 0.
DEL PEZZO SURFACES WHOSE UNIVERSAL TORSORS ARE HYPERSURFACES 17
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x3 : x4 : x5).
Singularity: A1 in (0 : 0 : 0 : 0 : 0 : 0 : 1) with E1:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E1) = {y2 = 0}.
(−1)-curves: E2, E3, E4 with
E¯2 = ℓ1, ρ(E2) = {(0 : 1 : 0)}, π(E2) = {x0 = x1 = x3 = x4 = x5 = 0},
E¯3 = ℓ2, ρ(E3) = {(1 : 0 : 0)}, π(E3) = {x0 = x2 = x3 = x4 = x5 = 0},
E¯4 = ℓ3, ρ(E4) = {(1 : −1 : 0)}, π(E4) = {x1 = x2 = x3 = x4 = x5 = 0}.
Extra generators: (0)-curves E5, E6, E7 with
E¯5 = ℓ0 − ℓ1, ρ(E5) = {y0 = 0},
π(E5) = {x0 = x1 = x3 = x6 = x2x5 + x
2
4 = 0},
E¯6 = ℓ0 − ℓ2, ρ(E6) = {y1 = 0},
π(E6) = {x0 = x2 = x4 = x6 = x1x5 + x
2
3 = 0},
E¯7 = ℓ0 − ℓ3, ρ(E7) = {−y0 − y1 = 0},
π(E7) = {x1 = x2 = x3 + x4 = x6 = x0x5 − x3x4 = 0}.
Extended Dynkin diagram (π(E5 ∩ E6 ∩ E7) = (0 : 0 : 0 : 0 : 0 : 1 : 0)):
E5 ❉ E2 ❇❇❇
E6 E3 76540123E1
E7
③
E4
⑤⑤⑤
Cox ring: generators η1, . . . , η7 with relation (degree ℓ0)
η2η5 + η3η6 + η4η7.
Anticanonical sections π∗(xi):
(η1η2η3η5η6, η1η2η4η5η7, η1η3η4η6η7, η
2
1η
2
2η3η4η5, η
2
1η2η
2
3η4η6, η
3
1η
2
2η
2
3η
2
4 , η5η6η7),
π∗(−x0 − x1) = η1η
2
2η
2
5 , π
∗(−x0 − x2) = η1η
2
3η
2
6 ,
π∗(−x1 − x2) = η1η
2
4η
2
7 , π
∗(−x3 − x4) = η
2
1η2η3η
2
4η7.
Type A2. Anticanonical model π : S˜ → S ⊂ P6:
x0x5 − x3x4 = x0x6 − x1x4 = x0x6 − x2x3 = x3x6 − x1x5
= x4x6 − x2x5 = x1x6 + x
2
3 + x3x4 = x2x6 + x3x4 + x
2
4
= x26 + x3x5 + x4x5 = x1x2 + x0x3 + x0x4 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x4 : x5 : x6).
Singularity: A2 in (1 : 0 : 0 : 0 : 0 : 0 : 0) with E1, E2:
E¯1 = ℓ2 − ℓ3, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ1 − ℓ2, ρ(E2) = {(1 : 0 : 0)}.
(−1)-curves: E3, E4 with
E¯3 = ℓ3, ρ(E3) = {(1 : 0 : 0)}, π(E3) = {x1 = x3 = x4 = x5 = x6 = 0},
E¯4 = ℓ0 − ℓ1 − ℓ2, ρ(E4) = {y1 = 0}, π(E4) = {x2 = x3 = x4 = x5 = x6 = 0}.
Extra generators: (0)-curve E5 and (1)-curves E6, E7 with
E¯5 = ℓ0 − ℓ1, ρ(E5) = {y2 = 0},
π(E5) = {x0x5 − x
2
3 = x1 = x2 = x3 + x4 = x6 = 0},
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E¯6 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E6) = {−y0y1 − y
2
2 = 0},
π(E6) = {x0 = x1 = x3 = x2x5 − x4x6 = x2x6 + x
2
4 = x4x5 + x
2
6 = 0},
E¯7 = ℓ0, ρ(E7) = {y0 = 0},
π(E7) = {x0 = x2 = x4 = x3x6 − x1x5 = x1x6 + x
2
3 = x3x5 + x
2
6 = 0}.
Extended Dynkin diagram (π(E5 ∩ E6 ∩ E7) = (0 : 0 : 0 : 0 : 0 : 1 : 0)):
E6 ❉ E3 ❈❈❈
E5 76540123E2 76540123E1
E7
③
E4
④④④
Cox ring: generators η1, . . . , η7 with relation (degree 2ℓ0 − ℓ1 − ℓ2)
η2η
2
5 + η3η6 + η4η7.
Anticanonical sections π∗(xi):
(η6η7, η1η2η3η5η6, η1η2η4η5η7, η
2
1η2η
2
3η4η6, η
2
1η2η3η
2
4η7, η
4
1η
2
2η
3
3η
3
4 , η
3
1η
2
2η
2
3η
2
4η5),
π∗(−x1 − x2) = η1η
2
2η
3
5 , π
∗(−x3 − x4) = η
2
1η
2
2η3η4η
2
5 .
3.3. Degree 5. See [CT88, Proposition 8.4] for the classification of generalized
quintic del Pezzo surface. The generators and relations in the Cox ring of ordinary
quintic del Pezzo surfaces have been determined in [BP04], see also [Sko93]; because
of the ten lines, there are at least two (in fact five) relations. Additionally, we have
six types of generalized del Pezzo surfaces as in Table 5.
singularities lines type reference
− 10 ≥ 2 relations [Bre02], [BF04]
A1 7 1 relation [Bau13]
2A1 5 toric [BT98]
A2 4 1 relation [Der07]
A2 +A1 3 toric [BT98]
A3 2 1 relation [CLT02]
A4 1 1 relation [CLT02], [Mol12]
Table 5. Del Pezzo surfaces of degree 5
Types 2A1 and A2 + A1 are toric, with cyclic Dynkin diagrams of Cox ring
generators
(−1,−1,−1,−1,−2,−1,−2), (0,−1,−1,−2,−2,−1,−2).
The remaining types have Cox rings with precisely one relation and are described
in detail below. For each type, there is a quintic del Pezzo surface that is unique
up to isomorphism, as one can see from the configurations of blown-up points.
Type A1. Anticanonical model π : S˜ → S ⊂ P5:
x0x4 − x1x2 = x0x5 − x1x3 = x2x5 − x3x4
= x1x2 + x1x3 + x2x3 = x1x4 + x1x5 + x2x5 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x4).
Singularity: A1 in (1 : 0 : 0 : 0 : 0 : 0) with E1:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E1) = {y2 = 0}.
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(−1)-curves: E2, . . . , E8 with
E¯2 = ℓ1, ρ(E2) = {(1 : −1 : 0)}, π(E2) = {x1 = x2 = x4 = x5 = 0},
E¯3 = ℓ2, ρ(E3) = {(0 : 1 : 0)}, π(E3) = {x1 = x3 = x4 = x5 = 0},
E¯4 = ℓ3, ρ(E4) = {(1 : 0 : 0)}, π(E4) = {x2 = x3 = x4 = x5 = 0},
E¯5 = ℓ4, ρ(E5) = {(0 : 0 : 1)}, π(E5) = {x0 = x1 = x2 = x3 = 0},
E¯6 = ℓ0 − ℓ1 − ℓ4, ρ(E6) = {−y0 − y1 = 0}, π(E6) = {x0 = x1 = x2 = x4 = 0},
E¯7 = ℓ0 − ℓ2 − ℓ4, ρ(E7) = {y0 = 0}, π(E7) = {x0 = x1 = x3 = x5 = 0},
E¯8 = ℓ0 − ℓ3 − ℓ4, ρ(E8) = {y1 = 0}, π(E8) = {x0 = x2 = x3 = x4 + x5 = 0}.
Extended Dynkin diagram:
E2 E6 ❈
76540123E1
②②
❊❊
E3 E7 E5
E4 E8
④
Cox ring: generators η1, . . . , η8 with relation (degree ℓ0 − ℓ4)
η2η6 + η3η7 + η4η8.
Anticanonical sections π∗(xi):
(η25η6η7η8, η1η2η3η5η6η7, η1η2η4η5η6η8, η1η3η4η5η7η8, η
2
1η
2
2η3η4η6, η
2
1η2η
2
3η4η7),
π∗(−x1 − x2) = η1η
2
2η5η
2
6 , π
∗(−x1 − x3) = η1η
2
3η5η
2
7 ,
π∗(−x2 − x3) = η1η
2
4η5η
2
8 , π
∗(−x4 − x5) = η
2
1η2η3η
2
4η8.
Type A2. Anticanonical model π : S˜ → S ⊂ P
5:
x0x2 − x1x5 = x0x2 − x3x4 = x0x3 + x
2
1 + x1x4
= x0x5 + x1x4 + x
2
4 = x3x5 + x1x2 + x2x4 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x4).
Singularity: A2 in (0 : 0 : 1 : 0 : 0 : 0) with E1, E2:
E¯1 = ℓ0 − ℓ3 − ℓ4, ρ(E1) = {y0 = 0},
E¯2 = ℓ1 − ℓ2, ρ(E2) = {(0 : 1 : −1)}.
(−1)-curves: E3, . . . , E6 with
E¯3 = ℓ3, ρ(E3) = {(0 : 0 : 1)}, π(E3) = {x0 = x1 = x3 = x4 = 0},
E¯4 = ℓ4, ρ(E4) = {(0 : 1 : 0)}, π(E4) = {x0 = x1 = x4 = x5 = 0},
E¯5 = ℓ2, ρ(E5) = {(0 : 1 : −1)}, π(E5) = {x0 = x3 = x5 = x1 + x4 = 0},
E¯6 = ℓ0 − ℓ1 − ℓ2, ρ(E6) = {−y1 − y2 = 0},
π(E6) = {x2 = x3 = x5 = x1 + x4 = 0}.
Extra generators: (0)-curves E7, E8 with
E¯7 = ℓ0 − ℓ3, ρ(E7) = {y1 = 0}, π(E7) = {x1 = x2 = x3 = x0x5 + x
2
4 = 0},
E¯8 = ℓ0 − ℓ4, ρ(E8) = {y2 = 0}, π(E8) = {x2 = x4 = x5 = x0x3 + x
2
1 = 0}.
Extended Dynkin diagram (π(E6 ∩ E7 ∩ E8) = (1 : 0 : 0 : 0 : 0 : 0)):
E7
❈❈
E3
❉❉
❉
E6 E5 76540123E2 76540123E1
E8
④
E4
③③③
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Cox ring: generators η1, . . . , η8 with relation (degree ℓ0)
η2η
2
5η6 + η3η7 + η4η8.
Anticanonical sections π∗(xi):
(η31η
2
2η
2
3η
2
4η5, η
2
1η2η
2
3η4η7, η6η7η8, η1η2η3η5η6η7, η
2
1η2η3η
2
4η8, η1η2η4η5η6η8),
π∗(−x1 − x4) = η
2
1η
2
2η3η4η
2
5η6, π
∗(−x3 − x5) = η1η
2
2η
3
5η
2
6 .
Type A3. Anticanonical model π : S˜ → S ⊂ P
5:
x0x2 − x
2
1 = x0x3 − x1x4 = x2x4 − x1x3
= x2x4 + x
2
4 + x0x5 = x2x3 + x3x4 + x1x5 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x4).
Singularity: A3 in (0 : 0 : 0 : 0 : 0 : 1) with E1, E2, E3:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ0 − ℓ1 − ℓ2 − ℓ4, ρ(E3) = {y0 = 0}.
(−1)-curves: E4, E5 with
E¯4 = ℓ4, ρ(E4) = {(0 : 1 : 0)}, π(E4) = {x0 = x1 = x3 = x4 = 0},
E¯5 = ℓ3, ρ(E5) = {(0 : 0 : 1)}, π(E5) = {x0 = x1 = x2 = x4 = 0}.
Extra generators: (0)-curves E6, E7 and (1)-curve E8 with
E¯6 = ℓ0 − ℓ1, ρ(E6) = {y1 = 0}, π(E6) = {x1 = x2 = x3 = x0x5 + x
2
4 = 0},
E¯7 = ℓ0 − ℓ4, ρ(E7) = {y2 = 0}, π(E7) = {x3 = x4 = x5 = x0x2 − x
2
1 = 0},
E¯8 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E8) = {−y0y2 − y
2
1 = 0},
π(E8) = {x5 = x2 + x4 = x0x3 + x1x2 = x0x4 + x
2
1 = x1x3 + x
2
2 = 0}.
Extended Dynkin diagram (π(E6 ∩ E7 ∩ E8) = (1 : 0 : 0 : 0 : 0 : 0)):
E6 ❉
76540123E1
❈❈
❈
E8 E5 76540123E2
E7
③③
E4 76540123E3
④④④
Cox ring: generators η1, . . . , η8 with relation (degree 2ℓ0 − ℓ1 − ℓ2)
η1η
2
6 + η3η
2
4η7 + η5η8.
Anticanonical sections π∗(xi):
(η21η
4
2η
3
3η
2
4η
3
5 , η
2
1η
3
2η
2
3η4η
2
5η6, η
2
1η
2
2η3η5η
2
6 , η1η2η3η4η6η7, η1η
2
2η
2
3η
2
4η5η7, η7η8),
π∗(−x2 − x4) = η1η
2
2η3η
2
5η8.
Type A4. Anticanonical model π : S˜ → S ⊂ P5:
x0x2 − x
2
1 = x0x3 − x1x4 = x2x4 − x1x3
= x1x2 + x
2
4 + x0x5 = x
2
2 + x3x4 + x1x5 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x4).
Singularity: A4 in (0 : 0 : 0 : 0 : 0 : 1) with E1, . . . , E4:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ3 − ℓ4, ρ(E3) = {(0 : 0 : 1)},
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E¯4 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E4) = {y0 = 0}.
(−1)-curve: E5 with
E¯5 = ℓ4, ρ(E5) = {(0 : 0 : 1)}, π(E5) = {x0 = x1 = x2 = x4 = 0}.
Extra generators: (0)-curve E6, (1)-curve E7 and (5)-curve E8 with
E¯6 = ℓ0 − ℓ1, ρ(E6) = {y1 = 0}, π(E6) = {x1 = x2 = x3 = x0x5 + x
2
4 = 0},
E¯7 = ℓ0, ρ(E7) = {y2 = 0},
π(E7) = {x3 = x4 = x0x5 + x1x2 = x0x2 − x
2
1 = x1x5 + x
2
2 = 0},
E¯8 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4, ρ(E8) = {−y
3
1 − y0y
2
2 = 0},
π(E8) = {x5 = x0x2 − x
2
1 = x0x3 − x1x4 = x2x4 − x1x3 = x1x2 + x
2
4 = x
2
2 + x3x4 = 0}.
Extended Dynkin diagram (π(E6 ∩ E7 ∩ E8) = (1 : 0 : 0 : 0 : 0 : 0)):
E7 ❉❉❉
76540123E4
❈❈
❈
E8 E5 76540123E3
E6
③③76540123E1 76540123E2
④④④
Cox ring: generators η1, . . . , η8 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3)
η21η2η
3
6 + η4η
2
7 + η5η8.
Anticanonical sections π∗(xi):
(η21η
4
2η
6
3η
3
4η
5
5 , η
2
1η
3
2η
4
3η
2
4η
3
5η6, η
2
1η
2
2η
2
3η4η5η
2
6 , η1η2η3η4η6η7, η1η
2
2η
3
3η
2
4η
2
5η7, η8).
3.4. Degree 4. By classical results, which can be found in [HP52, Book IV,
§XIII.11], every del Pezzo surface of degree 4 is the intersection of two quadrics
in P4, given by symmetric 5 × 5 matrices A,B, where A can be assumed to be
non-singular. Besides the smooth quartic del Pezzo surface, there are 15 singular
types, which can be distinguished by the Segre symbol (describing the structure of
the Jordan form) of A−1B. The extended Dynkin diagrams of negative curves can
be found in [CT88, Proposition 6.1]. In total, this leads to the 16 types listed in
Table 6.
It turns out that types 4A1, A2 + 2A1 and A3 + 2A1 are toric, with cyclic
Dynkin diagrams of Cox ring generators
(1, 2, 1, 2, 1, 2, 1, 2), (2, 1, 2, 1, 1, 2, 1, 2), (0, 2, 1, 2, 2, 2, 1, 2).
Ordinary quartic del Pezzo surfaces and types A1, 2A1 with eight or nine lines
and A2 have Cox rings with more than one relation by Theorem 8 because their
number of negative curves is larger than 13− d = 9.
For type A3 with four lines, this is not as obvious. We have only seven negative
curves in the following configuration:
E6 76540123E1 76540123E2 76540123E3 E4
E7 E5
Step 2 shows that Cox(S˜) must have at least four additional nef generators, one in
each of the degrees E¯1 + E¯2 + E¯3 + E¯i + E¯j with i = 4, 5 and j = 6, 7, whose space
of global sections is 2-dimensional, but only a 1-dimensional subspace is generated
by sections η1, . . . , η7 corresponding to E1, . . . , E7.
For the remaining seven types, the generalized quartic del Pezzo surface is unique
up to isomorphism because it can be obtained by contraction of a (−1)-curve from
a cubic surface that is unique up to isomorphism by [BW79]. We compute the Cox
rings as follows.
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singularities lines type reference
− 16 ≥ 2 relations [BB11]
A1 12 ≥ 2 relations
2A1 9 ≥ 2 relations
2A1 8 ≥ 2 relations [BBP12], [Lou12]
A2 8 ≥ 2 relations
3A1 6 1 relation [LB12c]
A2 +A1 6 1 relation [LB12c]
A3 5 1 relation [DF13a]
A3 4 ≥ 2 relations [LB12b]
4A1 4 toric [BT98]
A2 + 2A1 4 toric [BT98]
A3 +A1 3 1 relation [Der09], [DF13b]
A4 3 1 relation [BD09b], [DF13b]
D4 2 1 relation [DT07], [DF13b]
A3 + 2A1 2 toric [BT98]
D5 1 1 relation [CLT02], [BB07]
Table 6. Del Pezzo surfaces of degree 4
Type 3A1. Anticanonical model π : S˜ → S ⊂ P
4:
x0x2 − x3x4 = x0x1 + x0x2 + x1x2 = 0.
Projection from E7 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x4).
Singularities: A1,A1,A1 in (0 : 1 : 0 : 0 : 0), (0 : 0 : 0 : 1 : 0), (0 : 0 : 0 : 0 : 1) with
E1, E2, E3, respectively:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E1) = {−y0 − y1 = 0},
E¯2 = ℓ0 − ℓ3 − ℓ4 − ℓ5, ρ(E2) = {y2 = 0},
E¯3 = ℓ1 − ℓ2, ρ(E3) = {(0 : 0 : 1)}.
(−1)-curves: E4, . . . , E9 with
E¯4 = ℓ0 − ℓ1 − ℓ4, ρ(E4) = {y0 = 0}, π(E4) = {x0 = x1 = x3 = 0},
E¯5 = ℓ4, ρ(E5) = {(0 : 1 : 0)}, π(E5) = {x0 = x1 = x4 = 0},
E¯6 = ℓ2, ρ(E6) = {(0 : 0 : 1)}, π(E6) = {x0 = x2 = x3 = 0},
E¯7 = ℓ3, ρ(E7) = {(1 : −1 : 0)}, π(E7) = {x0 = x2 = x4 = 0},
E¯8 = ℓ0 − ℓ1 − ℓ5, ρ(E8) = {y1 = 0}, π(E8) = {x1 = x2 = x3 = 0},
E¯9 = ℓ5, ρ(E9) = {(1 : 0 : 0)}, π(E9) = {x1 = x2 = x4 = 0}.
Extended Dynkin diagram:
E6
④④
76540123E1 E7
❈❈
76540123E3 ❊❊ E8 E9 76540123E2
E4 E5
②②
Cox ring: generators η1, . . . , η9 with relation (degree ℓ0 − ℓ1)
η4η5 + η1η6η7 + η8η9.
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Anticanonical sections π∗(xi):
(η1η2η3η4η5η6η7, η2η3η4η5η8η9, η1η2η3η6η7η8η9, η1η
2
3η4η
2
6η8, η1η
2
2η5η
2
7η9),
π∗(−x0 − x1) = η2η3η
2
4η
2
5 , π
∗(−x0 − x2) = η
2
1η2η3η
2
6η
2
7 , π
∗(−x1 − x2) = η2η3η
2
8η
2
9 .
Type A2 +A1. Anticanonical model π : S˜ → S ⊂ P
4:
x0x1 − x2x3 = x1x2 + x2x4 + x3x4 = 0.
Projection from E9 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x3).
Singularities: A2 in (1 : 0 : 0 : 0 : 0) with E1, E2; A1 in (0 : 0 : 0 : 0 : 1) with E3:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(0 : 1 : −1)},
E¯2 = ℓ0 − ℓ1 − ℓ4 − ℓ5, ρ(E2) = {y0 = 0},
E¯3 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E3) = {−y1 − y2 = 0}.
(−1)-curves: E4, . . . , E9 with
E¯4 = ℓ3, ρ(E4) = {(1 : 0 : 0)}, π(E4) = {x0 = x2 = x3 = 0},
E¯5 = ℓ0 − ℓ3 − ℓ5, ρ(E5) = {y1 = 0}, π(E5) = {x0 = x2 = x4 = 0},
E¯6 = ℓ4, ρ(E6) = {(0 : 1 : 0)}, π(E6) = {x1 = x3 = x4 = 0},
E¯7 = ℓ5, ρ(E7) = {(0 : 0 : 1)}, π(E7) = {x1 = x2 = x4 = 0},
E¯8 = ℓ0 − ℓ3 − ℓ4, ρ(E8) = {y2 = 0}, π(E8) = {x0 = x3 = x1 + x4 = 0},
E¯9 = ℓ2, ρ(E9) = {(0 : 1 : −1)}, π(E9) = {x1 = x2 = x3 = 0}.
Extended Dynkin diagram:
76540123E1
②②
②
E9 76540123E3
❈❈
76540123E2 ❋❋ E6 E8 E4
E7 E5
②②
Cox ring: generators η1, . . . , η9 with relation (degree ℓ0 − ℓ3)
η5η7 + η1η3η
2
9 + η6η8.
Anticanonical sections π∗(xi):
(η3η
2
4η5η8, η
2
1η
2
2η3η6η7η
2
9 , η1η2η3η4η5η7η9, η1η2η3η4η6η8η9, η1η
2
2η5η6η
2
7),
π∗(−x1 − x4) = η1η
2
2η
2
6η7η8, π
∗(−x2 − x3) = η
2
1η2η
2
3η4η
3
9 .
Type A3. Anticanonical model π : S˜ → S ⊂ P4:
x0x1 − x2x3 = x2x4 + x0x3 + x1x3 = 0.
Projection from E5 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x2).
Singularity: A3 in (0 : 0 : 0 : 0 : 1) with E1, E2, E3:
E¯1 = ℓ1 − ℓ4, ρ(E1) = {(0 : 1 : 0)},
E¯2 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E2) = {y2 = 0},
E¯3 = ℓ2 − ℓ5, ρ(E3) = {(1 : 0 : 0)}.
(−1)-curves: E4, . . . , E8 with
E¯4 = ℓ4, ρ(E4) = {(0 : 1 : 0)}, π(E4) = {x0 = x2 = x3 = 0},
E¯5 = ℓ3, ρ(E5) = {(1 : −1 : 0)}, π(E5) = {x0 = x1 = x2 = 0},
E¯6 = ℓ5, ρ(E6) = {(1 : 0 : 0)}, π(E6) = {x1 = x2 = x3 = 0},
E¯7 = ℓ0 − ℓ1 − ℓ4, ρ(E7) = {y0 = 0}, π(E7) = {x0 = x3 = x4 = 0},
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E¯8 = ℓ0 − ℓ2 − ℓ5, ρ(E8) = {y1 = 0}, π(E8) = {x1 = x3 = x4 = 0}.
Extra generators: (0)-curve E9 with
E¯9 = ℓ0 − ℓ3, ρ(E9) = {−y0 − y1 = 0}, π(E9) = {x4 = x0 + x1 = x
2
0 + x2x3}.
Extended Dynkin diagram (π(E7 ∩ E8 ∩ E9) = (0 : 0 : 1 : 0 : 0)):
E7 ❈E4
76540123E1
❉❉
❉
E9 E5 76540123E2
E8
④④
E6 76540123E3
③③③
Cox ring: generators η1, . . . , η9 with relation (degree ℓ0)
η5η9 + η1η
2
4η7 + η3η
2
6η8.
Anticanonical sections π∗(xi):
(η21η
2
2η3η
2
4η5η7, η1η
2
2η
2
3η5η
2
6η8, η
2
1η
3
2η
2
3η4η
2
5η6, η1η2η3η4η6η7η8, η7η8η9),
π∗(−x0 − x1) = η1η
2
2η3η
2
5η9.
Type A3 +A1. Anticanonical model π : S˜ → S ⊂ P4:
x0x3 − x2x4 = x0x1 + x1x3 + x
2
2 = 0.
Projection from E5 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x2 : x3).
Singularities: A3 in (0 : 0 : 0 : 0 : 1) with E2, E3, E4; A1 in (0 : 1 : 0 : 0 : 0) with
E1:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E1) = {−y0 − y2 = 0},
E¯2 = ℓ0 − ℓ1 − ℓ4 − ℓ5, ρ(E2) = {y1 = 0},
E¯3 = ℓ1 − ℓ2, ρ(E3) = {(1 : 0 : −1)},
E¯4 = ℓ2 − ℓ3, ρ(E4) = {(1 : 0 : −1)}.
(−1)-curves: E5, E6, E7 with
E¯5 = ℓ3, ρ(E5) = {(1 : 0 : −1)}, π(E5) = {x0 = x2 = x3 = 0},
E¯6 = ℓ4, ρ(E6) = {(0 : 0 : 1)}, π(E6) = {x0 = x1 = x2 = 0},
E¯7 = ℓ5, ρ(E7) = {(1 : 0 : 0)}, π(E7) = {x1 = x2 = x3 = 0}.
Extra generators: (0)-curves E8, E9 with
E¯8 = ℓ0 − ℓ5, ρ(E8) = {y2 = 0}, π(E8) = {x3 = x4 = x0x1 + x
2
2 = 0},
E¯9 = ℓ0 − ℓ4, ρ(E9) = {y0 = 0}, π(E9) = {x0 = x4 = x1x3 + x
2
2 = 0}.
Extended Dynkin diagram (π(E1 ∩ E8 ∩ E9) = (0 : 1 : 0 : 0 : 0)):
E8
❉❉
E7
❉❉
❉
76540123E1 E5 76540123E4 76540123E3 76540123E2
E9
③③
E6
③③③
Cox ring: generators η1, . . . , η9 with relation (degree ℓ0)
η6η9 + η7η8 + η1η3η
2
4η
3
5 .
Anticanonical sections π∗(xi):
(η1η2η3η4η5η6η9, η
3
2η
2
3η4η
2
6η
2
7 , η1η
2
2η
2
3η
2
4η
2
5η6η7, η1η2η3η4η5η7η8, η1η8η9),
π∗(−x0 − x3) = η
2
1η2η
2
3η
3
4η
4
5 .
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Type A4. Anticanonical model π : S˜ → S ⊂ P4:
x0x1 − x2x3 = x0x4 + x1x2 + x
2
3 = 0.
Projection from E5 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x2 : x3).
Singularity: A4 in (0 : 0 : 0 : 0 : 1) with E1, . . . , E4:
E¯1 = ℓ3 − ℓ4, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ4 − ℓ5, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ0 − ℓ1 − ℓ3 − ℓ4, ρ(E3) = {y0 = 0},
E¯4 = ℓ1 − ℓ2, ρ(E4) = {(0 : 1 : 0)}.
(−1)-curves: E5, E6, E7 with
E¯5 = ℓ5, ρ(E5) = {(0 : 0 : 1)}, π(E5) = {x0 = x2 = x3 = 0},
E¯6 = ℓ2, ρ(E6) = {(0 : 1 : 0)}, π(E6) = {x0 = x1 = x3 = 0},
E¯7 = ℓ0 − ℓ1 − ℓ2, ρ(E7) = {y2 = 0}, π(E7) = {x1 = x3 = x4 = 0}.
Extra generators: (1)-curve E8 and (0)-curve E9 with
E¯8 = 2ℓ0 − ℓ3 − ℓ4 − ℓ5, ρ(E8) = {−y0y2 − y
2
1 = 0},
π(E8) = {x4 = x0x1 − x2x3 = x1x2 + x
2
3 = x0x3 + x
2
2 = 0},
E¯9 = ℓ0 − ℓ3, ρ(E9) = {y1 = 0}, π(E9) = {x1 = x2 = x0x4 + x
2
3 = 0}.
Extended Dynkin diagram (π(E7 ∩ E8 ∩ E9) = (1 : 0 : 0 : 0 : 0)):
E8
❈❈
E5
❉❉
❉
E7 E6 76540123E4 76540123E3 76540123E2
③③
③
E9
④
76540123E1
Cox ring: generators η1, . . . , η9 with relation (degree 2ℓ0 − ℓ3 − ℓ4)
η5η8 + η1η
2
9 + η3η
2
4η
3
6η7.
Anticanonical sections π∗(xi):
(η21η
4
2η
3
3η
2
4η
3
5η6, η1η2η3η4η6η7η9, η
2
1η
3
2η
2
3η4η
2
5η9, η1η
2
2η
2
3η
2
4η5η
2
6η7, η7η8).
Type D4. Anticanonical model π : S˜ → S ⊂ P4:
x0x3 − x1x4 = x0x1 + x1x3 + x
2
2 = 0.
Projection from E5 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x2).
Singularity: D4 in (0 : 0 : 0 : 0 : 1) with E1, . . . , E4:
E¯1 = ℓ2 − ℓ3, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ1 − ℓ2, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ0 − ℓ1 − ℓ2 − ℓ5, ρ(E3) = {y1 = 0},
E¯4 = ℓ3 − ℓ4, ρ(E4) = {(1 : 0 : 0)}.
(−1)-curves: E5, E6 with
E¯5 = ℓ5, ρ(E5) = {(0 : 0 : 1)}, π(E5) = {x0 = x1 = x2 = 0},
E¯6 = ℓ4, ρ(E6) = {(1 : 0 : 0)}, π(E6) = {x1 = x2 = x3 = 0}.
Extra generators: (0)-curves E7, E8, E9 with
E¯7 = ℓ0 − ℓ1, ρ(E7) = {y2 = 0}, π(E7) = {x2 = x0 + x3 = x
2
0 + x1x4 = 0},
E¯8 = ℓ0 − ℓ5, ρ(E8) = {y0 = 0}, π(E8) = {x0 = x4 = x1x3 + x
2
2 = 0},
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E¯9 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4, ρ(E9) = {−y0y1 − y
2
2 = 0},
π(E9) = {x3 = x4 = x0x1 + x
2
2 = 0}.
Extended Dynkin diagram (π(E7 ∩ E8 ∩ E9) = (0 : 1 : 0 : 0 : 0)):
E8 ❉E5
76540123E3
❈❈
❈
E7 76540123E2 76540123E1
E9
③
E6 76540123E4
④④④
Cox ring: generators η1, . . . , η9 with relation (degree 2ℓ0 − ℓ1 − ℓ2)
η3η
2
5η8 + η4η
2
6η9 + η2η
2
7 .
Anticanonical sections π∗(xi):
(η21η2η
2
3η4η
2
5η8, η
4
1η
2
2η
3
3η
3
4η
2
5η
2
6 , η
3
1η
2
2η
2
3η
2
4η5η6η7, η
2
1η2η3η
2
4η
2
6η9, η8η9),
π∗(−x0 − x3) = η
2
1η
2
2η3η4η
2
7 .
Type D5. Anticanonical model π : S˜ → S ⊂ P4:
x0x1 − x
2
2 = x
2
3 + x0x4 + x1x2 = 0.
Projection from E6 (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x2 : x3).
Singularity: D5 in (0 : 0 : 0 : 0 : 1) with E1, . . . , E5:
E¯1 = ℓ3 − ℓ4, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ4 − ℓ5, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E3) = {y0 = 0},
E¯4 = ℓ2 − ℓ3, ρ(E4) = {(0 : 0 : 1)},
E¯5 = ℓ1 − ℓ2, ρ(E5) = {(0 : 0 : 1)}.
(−1)-curves: E6 with
E¯6 = ℓ5, ρ(E6) = {(0 : 0 : 1)}, π(E6) = {x0 = x2 = x3 = 0}.
Extra generators: (1)-curve E7, (0)-curve E8 and (4)-curve E9 with
E¯7 = ℓ0, ρ(E7) = {y2 = 0},
π(E7) = {x3 = x0x1 − x
2
2 = x0x4 + x1x2 = x
2
1 + x2x4 = 0},
E¯8 = ℓ0 − ℓ1, ρ(E8) = {y1 = 0}, π(E8) = {x1 = x2 = x0x4 + x
2
3 = 0},
E¯9 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5, ρ(E9) = {−y0y
2
2 − y
3
1 = 0},
π(E9) = {x4 = x0x1 − x
2
2 = x
2
3 + x1x2 = 0}.
Extended Dynkin diagram (π(E7 ∩ E8 ∩ E9) = (1 : 0 : 0 : 0 : 0)):
E8 ❉
76540123E5 76540123E4
❈❈
❈
E7 76540123E3 76540123E1
E9
③③③
E6 76540123E2
④④④
Cox ring: generators η1, . . . , η9 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3)
η3η
2
7 + η2η
2
6η9 + η4η
2
5η
3
8 .
Anticanonical sections π∗(xi):
(η61η
5
2η
3
3η
4
4η
2
5η
4
6 , η
2
1η2η3η
2
4η
2
5η
2
8 , η
4
1η
3
2η
2
3η
3
4η
2
5η
2
6η8, η
3
1η
2
2η
2
3η
2
4η5η6η7, η9).
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3.5. Degree 3. The classification of cubic del Pezzo surfaces is classical and goes
back to Schla¨fli [Sch63]. Together with their numbers of lines, the list in Table 7
can be found in [BW79].
singularities lines type reference
− 27 ≥ 2 relations
A1 21 ≥ 2 relations
2A1 16 ≥ 2 relations
A2 15 ≥ 2 relations
3A1 12 ≥ 2 relations
A2 +A1 11 ≥ 2 relations
A3 10 ≥ 2 relations
4A1 9 ≥ 2 relations [HB03]
A2 + 2A1 8 ≥ 2 relations
A3 +A1 7 ≥ 2 relations
2A2 7 ≥ 2 relations
A4 6 ≥ 2 relations
D4 6 1 relation [Bro06], [LB12d]
A3 + 2A1 5 1 relation
2A2 +A1 5 1 relation [LB12a]
A4 +A1 4 1 relation
A5 3 ≥ 2 relations
D5 3 1 relation [BD09a]
3A2 3 toric [BT98], . . . , [Fre12]
A5 +A1 2 1 relation [BD12]
E6 1 1 relation [BBD07]
Table 7. Cubic surfaces
The only toric type is 3A2, with cyclic Dynkin diagram of Cox ring generators
(−2,−2,−1,−2,−2,−1,−2,−2,−1).
Ordinary cubic surfaces and typesA1, 2A1, A2, 3A1, A2+A1, A3, 4A1, A2+2A1,
A3+A1 and 2A2 have two or more relations in their Cox rings because their number
of negative curves is more than 13− d = 10.
For type A4, the extended Dynkin diagram of negative curves is:
E5 76540123E2 76540123E3 76540123E4
76540123E1
②②②
E9 E7
①①①
E8
E6
①①
E10
✇✇
Contracting E6 gives type A3 with four lines of degree 4, whose Cox ring has ≥ 2
relations, so the same is true for type A4 of degree 3 by Proposition 10.
For type A5, the extended Dynkin diagram of negative curves is:
76540123E1 76540123E2 76540123E3 76540123E4 76540123E5 E6
E7 E8
Step 2 shows that we have at least three additional generators, namely in degrees
E¯2 + E¯3 + E¯4 + E¯5 + E¯7 + E¯i for i = 6, 8 and in degree E¯1 + 2E¯2 + 2E¯3 + 2E¯4 +
2E¯5 + 2E¯6 + E¯7.
By [BW79], the type determines the surface up to isomorphism except for or-
dinary cubic surfaces and types A1, 2A1,A2, 3A1,A2 + A1,A3, 2A2 (where we
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have infinite families with one or more parameters; the Cox rings have more than
one relation) and type D4 (with precisely two isomorphy classes; see also [HT04,
Remark 4.1]).
Type D4, first isomorphy class. Anticanonical model π : S˜ → S ⊂ P3:
x0(x1 + x2 + x3)
2 − x1x2x3 = 0.
Projection from (1 : 0 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x3).
Singularity: D4 in (1 : 0 : 0 : 0) with E1, . . . , E4:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E1) = {y0 + y1 + y2 = 0},
E¯2 = ℓ1 − ℓ4, ρ(E2) = {(0 : 1 : −1)},
E¯3 = ℓ2 − ℓ5, ρ(E3) = {(1 : 0 : −1)},
E¯4 = ℓ3 − ℓ6, ρ(E4) = {(1 : −1 : 0)}.
(−1)-curves: E5, . . . , E10 with
E¯5 = ℓ4, ρ(E5) = {(0 : 1 : −1)}, π(E5) = {x1 = x2 + x3 = 0},
E¯6 = ℓ5, ρ(E6) = {(1 : 0 : −1)}, π(E6) = {x2 = x1 + x3 = 0},
E¯7 = ℓ6, ρ(E7) = {(1 : −1 : 0)}, π(E7) = {x3 = x1 + x2 = 0},
E¯8 = ℓ0 − ℓ1 − ℓ4, ρ(E8) = {y0 = 0}, π(E8) = {x0 = x1 = 0},
E¯9 = ℓ0 − ℓ2 − ℓ5, ρ(E9) = {y1 = 0}, π(E9) = {x0 = x2 = 0},
E¯10 = ℓ0 − ℓ3 − ℓ6, ρ(E10) = {y2 = 0}, π(E10) = {x0 = x3 = 0}.
Extended Dynkin diagram (E8 ∩ E9 ∩E10 = ∅):
E8
❊❊
E5 76540123E2
❊❊
❊
E9 E6 76540123E3 76540123E1
E10
③③
E7 76540123E4
②②②
Cox ring: generators η1, . . . , η10 with relation (degree ℓ0)
η2η
2
5η8 + η3η
2
6η9 + η4η
2
7η10 − η1η2η3η4η5η6η7.
Anticanonical sections π∗(xi):
(η8η9η10, η
2
1η
2
2η3η4η
2
5η8, η
2
1η2η
2
3η4η
2
6η9, η
2
1η2η3η
2
4η
2
7η10),
π∗(x1 + x2 + x3) = η
3
1η
2
2η
2
3η
2
4η5η6η7.
Type D4, second isomorphy class. It differs from the first one as follows:
Anticanonical model S ⊂ P3:
x0(x1 + x2 + x3)
2 + x1x2(x1 + x2) = 0.
The (−1)-curve E10 meets E8, E9 in a point p with π(p) = (0 : 0 : 0 : 1):
E¯10 = ℓ0 − ℓ3 − ℓ6, ρ(E10) = {−y0 − y1 = 0}, π(E10) = {x0 = x1 + x2 = 0}.
Cox ring: relation
η2η
2
5η8 + η3η
2
6η9 + η4η
2
7η10 = 0.
Anticanonical sections π∗(xi):
(η8η9η10, η
2
1η
2
2η3η4η
2
5η8, η
2
1η2η
2
3η4η
2
6η9, η
3
1η
2
2η
2
3η
2
4η5η6η7 + η
2
1η2η3η
2
4η
2
7η10),
π∗(−x1 − x2) = η
2
1η2η3η
2
4η
2
7η10, π
∗(x1 + x2 + x3) = η
3
1η
2
2η
2
3η
2
4η5η6η7.
Type A3 + 2A1. Anticanonical model π : S˜ → S ⊂ P3:
x23(x1 + x2) + x0x1x2 = 0.
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Projection from (1 : 0 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x3).
Singularities: A3,A1,A1 in (1 : 0 : 0 : 0), (0 : 1 : 0 : 0), (0 : 0 : 1 : 0) with E2, E3, E4
and E1 and E5, respectively:
E¯1 = ℓ3 − ℓ4, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ0 − ℓ3 − ℓ4 − ℓ5, ρ(E2) = {y1 = 0},
E¯3 = ℓ5 − ℓ6, ρ(E3) = {(0 : 0 : 1)},
E¯4 = ℓ0 − ℓ1 − ℓ2 − ℓ5, ρ(E4) = {y0 = 0},
E¯5 = ℓ1 − ℓ2, ρ(E5) = {(0 : 1 : 0)}.
(−1)-curves: E6, . . . , E10 with
E¯6 = ℓ2, ρ(E6) = {(0 : 1 : 0)}, π(E6) = {x1 = x3 = 0},
E¯7 = ℓ4, ρ(E7) = {(1 : 0 : 0)}, π(E7) = {x2 = x3 = 0},
E¯8 = ℓ6, ρ(E8) = {(0 : 0 : 1)}, π(E8) = {x1 = x2 = 0},
E¯9 = ℓ0 − ℓ5 − ℓ6, ρ(E9) = {−y0 − y1 = 0}, π(E9) = {x0 = x1 + x2 = 0},
E¯10 = ℓ0 − ℓ1 − ℓ3, ρ(E10) = {y2 = 0}, π(E10) = {x0 = x3 = 0}.
Extended Dynkin diagram:
76540123E2 E7 76540123E1
❋❋❋
76540123E3 E8 E9 E10
76540123E4 E6 76540123E5
①①①
Cox ring: generators η1, . . . , η10 with relation (degree ℓ0 − ℓ5)
η4η5η
2
6 + η1η2η
2
7 + η8η9.
Anticanonical sections π∗(xi):
(η1η5η9η
2
10, η2η
2
3η
2
4η5η
2
6η8, η1η
2
2η
2
3η4η
2
7η8, η1η2η3η4η5η6η7η10),
π∗(−x1 − x2) = η2η
2
3η4η
2
8η9.
Type 2A2 +A1. Anticanonical model π : S˜ → S ⊂ P3:
x23(x1 + x3) + x0x1x2 = 0.
Projection from (0 : 1 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x2 : x3).
Singularities: A2,A2,A1 in (1 : 0 : 0 : 0), (0 : 0 : 1 : 0), (0 : 1 : 0 : 0) with E2, E3
and E4, E5 and E1, respectively:
E¯1 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6, ρ(E1) = {−y0y1 − y
2
2 = 0},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ1 − ℓ2, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ5 − ℓ6, ρ(E4) = {(0 : 1 : 0)},
E¯5 = ℓ4 − ℓ5, ρ(E5) = {(0 : 1 : 0)}.
(−1)-curves: E6, . . . , E10 with
E¯6 = ℓ6, ρ(E6) = {(0 : 1 : 0)}, π(E6) = {x0 = x3 = 0},
E¯7 = ℓ0 − ℓ1 − ℓ4, ρ(E7) = {y2 = 0}, π(E7) = {x1 = x3 = 0},
E¯8 = ℓ3, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x2 = x3 = 0},
E¯9 = ℓ0 − ℓ4 − ℓ5, , ρ(E9) = {y0 = 0}, π(E9) = {x0 = x1 + x3 = 0},
E¯10 = ℓ0 − ℓ1 − ℓ2, ρ(E10) = {y1 = 0}, π(E10) = {x2 = x1 + x3 = 0}.
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Extended Dynkin diagram:
E8 76540123E1 E6
❊❊❊
76540123E2
①①①
●●
76540123E3 E7 76540123E5 76540123E4
E10 E9
①①
Cox ring: generators η1, . . . , η10 with relation (degree 2ℓ0 − ℓ1 − ℓ2 − ℓ4 − ℓ5)
η3η5η
2
7 + η1η6η8 + η9η10.
Anticanonical sections π∗(xi):
(η1η
2
4η5η
2
6η9, η2η
2
3η4η
2
5η
3
7 , η1η
2
2η3η
2
8η10, η1η2η3η4η5η6η7η8),
π∗(−x1 − x3) = η2η3η4η5η7η9η10.
Type A4 +A1. Anticanonical model π : S˜ → S ⊂ P3:
x2x
2
3 + x
2
1x3 + x0x1x2 = 0.
Projection from (1 : 0 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x3).
Singularities: A4 in (1 : 0 : 0 : 0) with E1, . . . , E4; A1 in (0 : 0 : 1 : 0) with E5:
E¯1 = ℓ0 − ℓ1 − ℓ2 − ℓ6, ρ(E1) = {y1 = 0},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ1 − ℓ2, ρ(E3) = {(0 : 0 : 1)},
E¯4 = ℓ0 − ℓ1 − ℓ4 − ℓ5, ρ(E4) = {y0 = 0},
E¯5 = ℓ4 − ℓ5, ρ(E5) = {(0 : 1 : 0)}.
(−1)-curves: E6, . . . , E9 with
E¯6 = ℓ5, ρ(E6) = {(0 : 1 : 0)}, π(E6) = {x1 = x3 = 0},
E¯7 = ℓ3, ρ(E7) = {(0 : 0 : 1)}, π(E7) = {x1 = x2 = 0},
E¯8 = ℓ6, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x2 = x3 = 0},
E¯9 = ℓ0 − ℓ4 − ℓ6, ρ(E9) = {y2 = 0}, π(E9) = {x0 = x3 = 0}.
Extra generators: (0)-curves E10 with
E¯10 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4, ρ(E10) = {−y
2
0 − y1y2 = 0},
π(E10) = {x0 = x
2
1 + x2x3 = 0}.
Extended Dynkin diagram (π(E5 ∩ E9 ∩ E10) = (0 : 0 : 1 : 0)):
76540123E5
❋❋
❋ E6 76540123E4 76540123E3
❊❊
❊
E9 E8 76540123E1 76540123E2
E10
①①
E7
③③③
Cox ring: generators η1, . . . , η10 with relation (degree 2ℓ0 − ℓ1 − ℓ2 − ℓ4)
η1η
2
8η9 + η3η
2
4η5η
3
6 + η7η10.
Anticanonical sections π∗(xi):
(η5η9η10, η1η
2
2η
2
3η
2
4η5η
2
6η7, η
2
1η
3
2η
2
3η4η
2
7η8, η1η2η3η4η5η6η8η9).
Type D5. Anticanonical model π : S˜ → S ⊂ P
3:
x3x
2
0 + x0x
2
2 + x
2
1x2 = 0.
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Projection from (0 : 0 : 0 : 1) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1 : x2).
Singularity: D5 in (0 : 0 : 0 : 1) with E1, . . . , E5:
E¯1 = ℓ2 − ℓ3, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ3 − ℓ4, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ1 − ℓ2, ρ(E3) = {(0 : 0 : 1)},
E¯4 = ℓ0 − ℓ1 − ℓ2 − ℓ5, ρ(E4) = {y0 = 0},
E¯5 = ℓ5 − ℓ6, ρ(E5) = {(0 : 1 : 0)}.
(−1)-curves: E6, E7, E8 with
E¯6 = ℓ4, ρ(E6) = {(0 : 0 : 1)}, π(E6) = {x0 = x1 = 0},
E¯7 = ℓ6, ρ(E7) = {(0 : 1 : 0)}, π(E7) = {x0 = x2 = 0},
E¯8 = ℓ0 − ℓ5 − ℓ6, ρ(E8) = {y2 = 0}, π(E8) = {x2 = x3 = 0}.
Extra generators: (0)-curves E9, E10 with
E¯9 = ℓ0 − ℓ1, ρ(E9) = {y1 = 0}, π(E9) = {x1 = x0x3 + x
2
2 = 0},
E¯10 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4, ρ(E10) = {−y0y2 − y
2
1 = 0},
π(E10) = {x3 = x0x2 + x
2
1 = 0}.
Extended Dynkin diagram (π(E8 ∩ E9 ∩ E10) = (1 : 0 : 0 : 0)):
E10
❋❋
E6 76540123E2
❉❉
❉
E8 E7 76540123E5 76540123E4 76540123E1
E9
①① 76540123E3
③③③
Cox ring: generators η1, . . . , η10 with relation (degree 2ℓ0 − ℓ1 − ℓ2)
η2η
2
6η10 + η4η
2
5η
3
7η8 + η3η
2
9 .
Anticanonical sections π∗(xi):
(η41η
3
2η
2
3η
3
4η
2
5η
2
6η7, η
3
1η
2
2η
2
3η
2
4η5η6η9, η
2
1η2η3η
2
4η
2
5η
2
7η8, η8η10).
Type A5 +A1. Anticanonical model π : S˜ → S ⊂ P3:
x31 + x2x
2
3 + x0x1x2 = 0.
Projection from (1 : 0 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x1 : x2 : x3).
Singularities: A5 in (1 : 0 : 0 : 0) with E1, . . . , E5; A1 in (0 : 0 : 1 : 0) with E6:
E¯1 = ℓ0 − ℓ1 − ℓ5 − ℓ6, ρ(E1) = {y0 = 0},
E¯2 = ℓ1 − ℓ2, ρ(E2) = {(0 : 0 : 1)},
E¯3 = ℓ2 − ℓ3, ρ(E3) = {(0 : 0 : 1)},
E¯4 = ℓ3 − ℓ4, ρ(E4) = {(0 : 0 : 1)},
E¯5 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E5) = {y1 = 0},
E¯6 = ℓ5 − ℓ6, ρ(E6) = {(0 : 1 : 0)}.
(−1)-curves: E7, E8 with
E¯7 = ℓ6, ρ(E7) = {(0 : 1 : 0)}, π(E7) = {x1 = x3 = 0},
E¯8 = ℓ4, ρ(E8) = {(0 : 0 : 1)}, π(E8) = {x1 = x2 = 0}.
Extra generators: (0)-curves E9 and (1)-curve E10 with
E¯9 = ℓ0 − ℓ5, ρ(E9) = {y2 = 0}, π(E9) = {x3 = x0x2 + x
2
1 = 0},
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E¯10 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − 2ℓ5, ρ(E10) = {−y
3
0 − y1y
2
2 = 0},
π(E10) = {x0 = x
3
1 + x2x
2
3 = 0}.
Extended Dynkin diagram (π(E6 ∩ E9 ∩ E10) = (0 : 0 : 1 : 0)):
E9
●●●
76540123E5
❉❉
❉
76540123E6 E7 76540123E1 76540123E2 76540123E3 76540123E4
E10
✇✇✇
E8
③③③
Cox ring: generators η1, . . . , η10 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − 2ℓ5)
η31η
2
2η3η6η
4
7 + η5η
2
9 + η8η10.
Anticanonical sections π∗(xi):
(η6η10, η
2
1η
2
2η
2
3η
2
4η5η6η
2
7η8, η1η
2
2η
3
3η
4
4η
2
5η
3
8 , η1η2η3η4η5η6η7η9).
Type E6. Anticanonical model π : S˜ → S ⊂ P
3:
x1x
2
2 + x2x
2
0 + x
3
3 = 0.
Projection from (0 : 1 : 0 : 0) (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x2 : x3).
Singularity: E6 in (0 : 1 : 0 : 0) with E1, . . . , E6:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E2) = {y1 = 0},
E¯3 = ℓ2 − ℓ3, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ5 − ℓ6, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ4 − ℓ5, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ3 − ℓ4, ρ(E6) = {(1 : 0 : 0)}.
(−1)-curves: E7 with
E¯7 = ℓ6, ρ(E7) = {(1 : 0 : 0)}, π(E7) = {x2 = x3 = 0}.
Extra generators: (0)-curve E8, (1)-curve E9 and (3)-curve E10 with
E¯8 = ℓ0 − ℓ1, ρ(E8) = {y2 = 0}, π(E8) = {x3 = x
2
0 + x1x2 = 0},
E¯9 = ℓ0, ρ(E9) = {y0 = 0}, π(E9) = {x0 = x1x
2
2 + x
3
3 = 0},
E¯10 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6, ρ(E10) = {−y
2
0y1 − y
3
2 = 0},
π(E10) = {x1 = x
2
0x2 + x
3
3 = 0}.
Extended Dynkin diagram (π(E8 ∩ E9 ∩ E10) = (0 : 0 : 1 : 0)):
E10 ●●
E7 76540123E4 76540123E5
❈❈
❈
E8 76540123E1 76540123E3 76540123E6
E9
✇✇ 76540123E2
④④④
Cox ring: generators η1, . . . , η10 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3)
η24η5η
3
7η10 + η2η
2
9 + η
2
1η3η
3
8 .
Anticanonical sections π∗(xi):
(η1η
2
2η
2
3η4η
2
5η
3
6η9, η10, η
2
1η
3
2η
4
3η
4
4η
5
5η
6
6η
3
7 , η
2
1η
2
2η
3
3η
2
4η
3
5η
4
6η7η8).
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singularities (−1)-curves type reference
...
...
...
A5 +A1 5 ≥ 2 relations
D5 +A1 5 1 relation
E6 4 1 relation
A6 4 ≥ 2 relations
D6 3 ≥ 2 relations
2A3 +A1 4 1 relation
A5 +A2 3 1 relation
D4 + 3A1 3 1 relation
A7 2 ≥ 2 relations
D6 +A1 2 1 relation
E7 1 1 relation [BB13]
Table 8. Del Pezzo surfaces of degree 2
3.6. Degree 2. In degree 2, the eleven types listed in Table 8 have at most 13−d =
11 negative curves. For simplicity, we do not list the additional 35 types with 12 or
more negative curves, whose Cox rings have at least two relations by Theorem 8.
For types D6,A6,A5 +A1, we apply Proposition 10 as follows. For type D6,
the extended Dynkin diagram of negative curves is:
E9 76540123E6
E7 76540123E1 76540123E2 76540123E3 76540123E4 76540123E5 E8
Contracting E8 gives type A5 of degree 3, whose Cox ring has ≥ 2 relations.
For type A6, the extended Dynkin diagram of negative curves is:
76540123E1 E8 E7 76540123E6
E10 76540123E2 76540123E3 76540123E4 76540123E5 E9
Contracting E8 gives type A5 of degree 3, whose Cox ring has ≥ 2 relations.
For type A5 +A1, the extended Dynkin diagram of negative curves is:
E7 76540123E3 76540123E4 76540123E5
76540123E2
①①①
E8 E9
①①①
E10
76540123E1
①①①
E11 76540123E6
①①①
Contracting E11 gives type A4 of degree 3, whose Cox ring has ≥ 2 relations.
For type A7, the extended Dynkin diagram of negative curves is:
76540123E1 76540123E2 76540123E3 76540123E4 76540123E5 76540123E6 76540123E7
E8 E9
In Step 2, we discover at least three extra generators in degrees E¯2 + E¯3 + E¯4 +
E¯5 + E¯6 + E¯8 + E¯9, E¯1 + 2E¯2 + 2E¯3 + 2E¯4 + 2E¯5 + 2E¯6 + E¯8 + 2E¯9 and 2E¯2 +
2E¯3 + 2E¯4 + 2E¯5 + 2E¯6 + E¯7 + 2E¯8 + E¯9.
For the remaining seven types, we compute the Cox rings with precisely one
relation below.
By [Ye02, Theorems 1.2, 1.5], del Pezzo surfaces of types E7,A5 + A2, 2A3 +
A1,D6+A1,D4+3A1 are unique up to isomorphism. For types E6 andD5+A1, we
have two isomorphism classes. Indeed, we cannot have more than two isomorphism
classes because blowing up E7 ∩ E9 on type E6 gives a surface of degree 1, type
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E7+A1, and blowing up E7∩E10 on type D5+A1 gives a surface of degree 1, type
E6+A2. Since types E7+A1,E6+A2 of degree 1 have precisely two isomorphism
classes, types E6,D5+A1 of degree 2 can have at most two isomorphism classes. For
each type, we will give two surfaces below (depending on a parameter λ ∈ {0, 1}).
The automorphism group will be infinite precisely for λ = 0, but we will also
mention how their configurations of negative curves differ geometrically, so that
one clearly sees that they cannot be isomorphic.
Type D5 +A1. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x0x
2
1 + x1x
2
2x3 + λx0x1x2 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x2), inverse
y 7→ (y0y1y
4
2 : y1y
2
2 : y
3
2 : −y
2
0y1 − y0y
2
1 − λy0y1y2).
Singularities: D5 in (0 : 0 : 0 : 1) with E1, . . . , E5; A1 in (0 : 0 : 1 : 0) with E6:
E¯1 = ℓ6 − ℓ7, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ5 − ℓ6, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ0 − ℓ1 − ℓ3 − ℓ5, ρ(E3) = {y2 = 0},
E¯4 = ℓ1 − ℓ2, ρ(E4) = {(0 : 1 : 0)},
E¯6 = ℓ3 − ℓ4, ρ(E6) = {(1 : −1 : 0)},
E¯5 = ℓ0 − ℓ5 − ℓ6 − ℓ7, ρ(E5) = {y1 = 0}.
(−1)-curves: E7, . . . , E11 with
E¯7 = ℓ0 − ℓ3 − ℓ4, ρ(E7) = {−y0 − y1 − λy2 = 0},
π(E7) = {x3 = x0 + x
2
1 + λx1x2 = 0},
E¯8 = ℓ2, ρ(E8) = {(0 : 1 : 0)}, π(E8) = {x0 = x2 = 0},
E¯9 = ℓ7, ρ(E9) = {(1 : 0 : 0)}, π(E9) = {x0 = x1 = 0},
E¯10 = ℓ4, ρ(E10) = {(1 : −1 : 0)}, π(E10) = {x2 = x0 + x
2
1 = 0},
E¯11 = ℓ0 − ℓ1 − ℓ2, ρ(E11) = {y0 = 0}, π(E11) = {x0 = x3 = 0}.
Extended Dynkin diagram (E6, E7, E11 meet in one point p with π(p) = (0 : 0 : 1 :
0) if and only if λ = 0):
E7
❋❋❋
E10 76540123E5
❊❊
❊
76540123E6 E9 76540123E1 76540123E2 76540123E3
E11
①①①
E8 76540123E4
②②②
Cox ring: generators η1, . . . , η11 with relation (degree ℓ0)
η21η2η6η
3
9 + η5η7η
2
10 + η4η
2
8η11 + λη1η2η3η4η5η8η9η10.
Anticanonical sections π∗(xi):
(η21η
3
2η
4
3η
3
4η
2
5η6η
2
8η9η11, η
2
1η
2
2η
2
3η4η5η6η
2
9 , η1η
2
2η
3
3η
2
4η
2
5η8η10, η6η7η11),
π∗(−x0 − x
2
1 − λx1x2) = η
2
1η
3
2η
4
3η
2
4η
3
5η6η7η9η
2
10.
Type E6. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x0x
2
3 + x
3
1x2 + λx0x1x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x3), inverse
y 7→ (y0y
5
1 : y
3
1 : −y
2
0y1 − y0y
2
2 − λy0y1y2 : y
2
1y2).
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Singularity: E6 in (0 : 0 : 1 : 0) with E1, . . . , E6:
E¯1 = ℓ6 − ℓ7, ρ(E1) = {(0 : 0 : 1)},
E¯2 = ℓ0 − ℓ1 − ℓ2 − ℓ6, ρ(E2) = {y1 = 0},
E¯3 = ℓ2 − ℓ3, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ3 − ℓ4, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ4 − ℓ5, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ1 − ℓ2, ρ(E6) = {(1 : 0 : 0)}.
(−1)-curves: E7, . . . , E10 with
E¯7 = ℓ0 − ℓ6 − ℓ7, ρ(E7) = {y0 = 0}, π(E7) = {x0 = x2 = 0},
E¯8 = ℓ5, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x1 = x0 + x
2
3 = 0},
E¯9 = ℓ7, ρ(E9) = {(0 : 0 : 1)}, π(E9) = {x0 = x1 = 0},
E¯10 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5, ρ(E10) = {−y0y1 − y
2
2 − λy1y2 = 0},
π(E10) = {x2 = x0 + x
2
3 + λx1x3 = 0}.
Extra generators: (0)-curve E11 with
E¯11 = ℓ0 − ℓ1, ρ(E11) = {y2 = 0}, π(E11) = {x3 = x
2
0 + x
3
1x2 = 0}.
Extended Dynkin diagram (with E7, E10 touching in p and meeting E11 transver-
sally also in p with π(p) = (0 : 1 : 0 : 0) if λ = 0, and with E7, E10, E11 meeting
in p with π(p) = (0 : 1 : 0 : 0) transversally and E7, E10 meeting also in p
′ with
π(p′) = (0 : 1 : 0 : −1) if λ = 1):
E11
❍❍
76540123E6
❉❉
❉
E10 E8 76540123E5 76540123E4 76540123E3
E7
✈✈✈✈✈✈
E9 76540123E1 76540123E2
②②②
Cox ring: generators η1, . . . , η11 with relation (degree 2ℓ0 − ℓ1 − ℓ2)
η21η2η7η
3
9 + η4η
2
5η
3
8η10 + η6η
2
11 + λη1η2η3η4η5η6η8η9η11.
Anticanonical sections π∗(xi):
(η41η
5
2η
6
3η
4
4η
2
5η
3
6η7η
3
9 , η
2
1η
3
2η
4
3η
3
4η
2
5η
2
6η8η9, η7η10, η1η
2
2η
3
3η
2
4η5η
2
6η11).
Type 2A3 +A1. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x0x1x3 + x1x
2
2x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x2), inverse
y 7→ (y0y1(y0y1 + y
2
2)
2 : y1(y0y1 + y
2
2) : y2(y0y1 + y
2
2) : −y
2
0y1).
Singularities: A3,A3,A1 in (0 : 0 : 0 : 1), (0 : 1 : 0 : 0), (0 : 0 : 1 : 0) with E1, E2, E3
and E4, E5, E6 and E7, respectively:
E¯1 = 2ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6, ρ(E1) = {−y0y1 − y
2
2 = 0},
E¯2 = ℓ6 − ℓ7, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ5 − ℓ6, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ3 − ℓ4, ρ(E4) = {(0 : 1 : 0)},
E¯5 = ℓ2 − ℓ3, ρ(E5) = {(0 : 1 : 0)},
E¯6 = ℓ1 − ℓ2, ρ(E6) = {(0 : 1 : 0)},
E¯7 = ℓ0 − ℓ5 − ℓ6 − ℓ7, ρ(E7) = {y1 = 0}.
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(−1)-curves: E8, . . . , E11 with
E¯8 = ℓ7, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x0 = x1 = 0},
E¯9 = ℓ4, ρ(E9) = {(0 : 1 : 0)}, π(E9) = {x0 = x2 = 0},
E¯10 = ℓ0 − ℓ1 − ℓ5, ρ(E10) = {y2 = 0}, π(E10) = {x2 = x0 + x1x3 = 0},
E¯11 = ℓ0 − ℓ1 − ℓ2, ρ(E11) = {y0 = 0}, π(E11) = {x0 = x3 = 0}.
Extended Dynkin diagram:
76540123E1
②②
②
E9 76540123E4
❋❋
❋
76540123E2
❊❊
❊ E8 76540123E7 E11 76540123E5
①①
①
76540123E3 E10 76540123E6
Cox ring: generators η1, . . . , η11 with relation (degree 2ℓ0 − ℓ1 − ℓ2 − ℓ5 − ℓ6)
η1η4η
2
9 + η3η6η
2
10 + η7η8η11.
Anticanonical sections π∗(xi):
(η21η
2
2η3η
2
4η
2
5η6η7η8η
2
9η11, η1η
2
2η3η7η
2
8 , η1η2η3η4η5η6η9η10, η4η
2
5η6η7η
2
11).
Type A5 +A2. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x0x2x3 + x
3
1x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x
2
1 : x1x3), inverse
y 7→ (y30y1y
2
2 : y0y1y2 : −y
2
0y1 − y
2
1y2 : y0y
2
2).
Singularities: A5 in (0 : 0 : 1 : 0) with E1, . . . , E5; A2 in (0 : 0 : 0 : 1) with E6, E7:
E¯1 = ℓ0 − ℓ3 − ℓ4 − ℓ5, ρ(E1) = {y0 = 0},
E¯2 = ℓ5 − ℓ6, ρ(E2) = {(0 : 1 : 0)},
E¯3 = ℓ6 − ℓ7, ρ(E3) = {(0 : 1 : 0)},
E¯4 = ℓ0 − ℓ1 − ℓ5 − ℓ6, ρ(E4) = {y2 = 0},
E¯5 = ℓ1 − ℓ2, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ3 − ℓ4, ρ(E6) = {(0 : 0 : 1)},
E¯7 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E7) = {y1 = 0}.
(−1)-curves: E8, E9, E10 with
E¯8 = ℓ4, ρ(E8) = {(0 : 0 : 1)}, π(E8) = {x0 = x1 = 0},
E¯9 = ℓ2, ρ(E9) = {(1 : 0 : 0)}, π(E9) = {x1 = x0 + x2x3 = 0},
E¯10 = ℓ7, ρ(E10) = {(0 : 1 : 0) = 0}, π(E10) = {x0 = x3 = 0}.
Extra generators: (0)-curve E11 with
E¯11 = 2ℓ0 − ℓ3 − ℓ5 − ℓ6 − ℓ7, ρ(E11) = {−(y
2
0 + y1y2) = 0},
π(E11) = {x2 = x
2
0 + x
3
1x3 = 0}.
Extended Dynkin diagram (π(E6 ∩ E7 ∩ E11) = (0 : 0 : 0 : 1)):
76540123E6 ●● E8 76540123E1 76540123E2 ❉❉❉
E11 E10 76540123E3
③③
③
76540123E7
✇✇
E9 76540123E5 76540123E4
Cox ring: generators η1, . . . , η11 with relation (degree 2ℓ0 − ℓ3 − ℓ5 − ℓ6)
η21η2η6η
3
8 + η4η
2
5η7η
3
9 + η10η11.
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Anticanonical sections π∗(xi):
(η31η
3
2η
3
3η
2
4η5η
2
6η7η
3
8η10, η1η2η3η4η5η6η7η8η9, η6η7η11, η1η
2
2η
3
3η
2
4η5η
2
10).
Type D4 + 3A1. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x
2
1x2x3 + x1x
2
2x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x2), inverse
y 7→ (y0y1y
2
2(y1 + y2)
2 : y1y2(y1 + y2) : y
2
2(y1 + y2) : −y
2
0y1).
Singularities: D4,A1,A1,A1 in (0 : 0 : 0 : 1), (0 : 0 : 1 : 0), (0 : 1 : 0 : 0), (0 : 1 :
−1 : 0) with E1, . . . , E4 and E5 and E6 and E7, respectively:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ0 − ℓ1 − ℓ4 − ℓ5, ρ(E3) = {y2 = 0},
E¯4 = ℓ0 − ℓ1 − ℓ6 − ℓ7, ρ(E4) = {−y1 − y2 = 0},
E¯5 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E5) = {y1 = 0},
E¯6 = ℓ4 − ℓ5, ρ(E6) = {(0 : 1 : 0)},
E¯7 = ℓ6 − ℓ7, ρ(E7) = {(0 : 1 : −1)}.
(−1)-curves: E8, . . . , E11 with
E¯8 = ℓ5, ρ(E8) = {(0 : 1 : 0)}, π(E8) = {x0 = x2 = 0},
E¯9 = ℓ0 − ℓ4 − ℓ6, ρ(E9) = {y0 = 0}, π(E9) = {x0 = x3 = 0},
E¯10 = ℓ3, ρ(E10) = {(1 : 0 : 0)}, π(E10) = {x0 = x1 = 0},
E¯11 = ℓ7, ρ(E11) = {(0 : 1 : −1) = 0}, π(E11) = {x0 = x1 + x2 = 0}.
Extended Dynkin diagram:
76540123E5
④④
E10 76540123E2
❊❊
❊
E9
❈❈
76540123E6 E8 76540123E3 76540123E1
76540123E7 E11 76540123E4
②②②
Cox ring: generators η1, . . . , η11 with relation (degree ℓ0 − ℓ1)
η2η5η
2
10 + η3η6η
2
8 + η4η7η
2
11.
Anticanonical sections π∗(xi):
(η31η
2
2η
2
3η
2
4η5η6η7η8η9η10η11, η
2
1η
2
2η3η4η5η
2
10, η
2
1η2η
2
3η4η6η
2
8 , η5η6η7η
2
9),
π∗(−x1 − x2) = η
2
1η2η3η
2
4η7η
2
11.
Type D6 +A1. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x1x
3
2 + x
2
1x2x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x2), inverse
y 7→ (y0y1(y0y1 + y
2
2)
2 : y1(y0y1 + y
2
2) : y2(y0y1 + y
2
2) : −y
2
0y1).
Singularities: D6 in (0 : 0 : 0 : 1) with E1, . . . , E6; A1 in (0 : 1 : 0 : 0) with E7:
E¯1 = ℓ0 − ℓ1 − ℓ6 − ℓ7, ρ(E1) = {y2 = 0},
E¯2 = ℓ1 − ℓ2, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ2 − ℓ3, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ3 − ℓ4, ρ(E4) = {(1 : 0 : 0)},
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E¯5 = ℓ4 − ℓ5, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E6) = {y1 = 0},
E¯7 = ℓ6 − ℓ7, ρ(E7) = {(0 : 1 : 0)}.
(−1)-curves: E8, E9 with
E¯8 = ℓ5, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x0 = x1 = 0},
E¯9 = ℓ7, ρ(E9) = {(0 : 1 : 0)}, π(E9) = {x0 = x2 = 0}.
Extra generators: (0)-curves E10, E11 with
E¯10 = ℓ0 − ℓ6, ρ(E10) = {y0 = 0}, π(E10) = {x0 = x
2
2 + x1x3 = 0},
E¯11 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − 2ℓ6, ρ(E11) = {−y
2
0y1 − y
3
2 = 0},
π(E11) = {x3 = x
2
0 + x1x
3
2 = 0}.
Extended Dynkin diagram (π(E7 ∩ E10 ∩ E11) = (0 : 1 : 0 : 0)):
E10
●●
76540123E6
❉❉
❉
76540123E7 E9 76540123E1 76540123E2 76540123E3 76540123E4
E11
✇✇✇
E8 76540123E5
③③③
Cox ring: generators η1, . . . , η11 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − 2ℓ6)
η31η
2
2η3η7η
4
9 + η6η
2
10 + η5η
2
8η11.
Anticanonical sections π∗(xi):
(η21η
3
2η
4
3η
5
4η
3
5η
3
6η7η8η9η10, η1η
2
2η
3
3η
4
4η
3
5η
2
6η
2
8 , η
2
1η
2
2η
2
3η
2
4η5η6η7η
2
9 , η7η11).
Type E7. Anticanonical model π : S˜ → S ⊂ P(2, 1, 1, 1):
x20 + x1x
3
2 + x
3
1x3 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x21 : x1x2), inverse
y 7→ (y0y
5
1 : y
3
1 : y
2
1y2 : −y
2
0y1 − y
3
2).
Singularity: E7 in (0 : 0 : 0 : 1) with E1, . . . , E7:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ3 − ℓ4, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ4 − ℓ5, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ5 − ℓ6, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ6 − ℓ7, ρ(E6) = {(1 : 0 : 0)},
E¯7 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E7) = {y1 = 0}.
(−1)-curves: E8 with
E¯8 = ℓ7, ρ(E8) = {(1 : 0 : 0)}, π(E8) = {x0 = x1 = 0}.
Extra generators: (0)-curve E9, (1)-curve E10 and (2)-curve E11 with
E¯9 = ℓ0 − ℓ1, ρ(E9) = {y2 = 0}, π(E9) = {x2 = x
2
0 + x
3
1x3 = 0},
E¯10 = ℓ0, ρ(E10) = {y0 = 0}, π(E10) = {x0 = x
3
2 + x
2
1x3 = 0},
E¯11 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6 − ℓ7, ρ(E11) = {−y
2
0y1 − y
3
2 = 0},
π(E11) = {x3 = x
2
0 + x1x
3
2 = 0}.
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Extended Dynkin diagram (π(E9 ∩ E10 ∩ E11) = (0 : 1 : 0 : 0)):
E9 ❍❍❍❍
76540123E1 76540123E2
❈❈
❈
E11 E8 76540123E6 76540123E5 76540123E4 76540123E3
E10
✈✈✈ 76540123E7
④④④
Cox ring: generators η1, . . . , η11 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3)
η21η2η
3
9 + η7η
2
10 + η4η
2
5η
3
6η
4
8η11.
Anticanonical sections π∗(xi):
(η31η
6
2η
9
3η
7
4η
5
5η
3
6η
5
7η8η10, η
2
1η
4
2η
6
3η
5
4η
4
5η
3
6η
3
7η
2
8 , η
2
1η
3
2η
4
3η
3
4η
2
5η6η
2
7η9, η11).
3.7. Degree 1. We list the seven types of generalized del Pezzo surfaces of degree
1 with at most 13 − d = 12 negative curves in Table 9. Additionally, there are 67
types with more than 12 negative curves.
singularities (−1)-curves type
...
...
...
D7 5 ≥ 2 relations
E7 5 ≥ 2 relations
E6 +A2 4 1 relation
A8 3 ≥ 2 relations
E7 +A1 3 1 relation
D8 2 ≥ 2 relations
E8 1 1 relation
Table 9. Del Pezzo surfaces of degree 1
For types D7,E7,A8,D8, we apply Proposition 10 to show that the Cox rings
have ≥ 2 relations. For type D7, the extended Dynkin diagram of negative curves
is:
E8 76540123E2 76540123E3 76540123E4
❊❊
❊
76540123E1
①①①
❋❋❋
E9 E10 76540123E6 76540123E5
E11 E12 76540123E7
②②②
Contracting E9 gives type D6 of degree 2, whose Cox ring has ≥ 2 relations.
For type E7, the extended Dynkin diagram of negative curves is:
E12 ❋❋❋❋
E8 76540123E7 76540123E6
E9 E11 76540123E5
E10
①① 76540123E2 76540123E3 76540123E4 76540123E1
Contracting E10 leads to type D6 of degree 2, whose Cox ring has ≥ 2 relations.
For type A8, the extended Dynkin diagram of negative curves is:
76540123E2 76540123E1 E9 76540123E8 76540123E7
E10 76540123E3 76540123E4 76540123E5 76540123E6 E11
Contracting E9 gives type A6 of degree 2, whose Cox ring has ≥ 2 relations.
For type D8, the extended Dynkin diagram of negative curves is:
76540123E1 76540123E2 76540123E3 76540123E4 76540123E5 76540123E6 76540123E7 E10
E9 76540123E8
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Contracting E10 gives type A7 of degree 2, whose Cox ring has ≥ 2 relations.
According to [Ye02, Theorem 1.2], for each of the types E6 +A2,E7 +A1,E8,
there exist two isomorphy classes. They will be given below using a parameter
λ ∈ {0, 1}. Geometrically, the two isomorphism classes of each type differ as follows:
for λ = 1, their automorphism group is finite; for λ = 0, it is infinite.
Type E6 +A2. Anticanonical model π : S˜ → S ⊂ P(3, 2, 1, 1):
x20 + x0x
2
2x3 + x
3
1 + λx0x1x2 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1x2 : x32), inverse
y 7→ (y0y
8
2 : y1y
5
2 : y
3
2 : −y
2
0y2 − y
3
1 − λy0y1y2).
Singularities: E6 in (0 : 0 : 0 : 1) with E1, . . . , E6; A2 in (0 : 0 : 1 : 0) with E7, E8:
E¯1 = ℓ0 − ℓ6 − ℓ7 − ℓ8, ρ(E1) = {y0 = 0},
E¯2 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E2) = {y2 = 0},
E¯3 = ℓ3 − ℓ4, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ2 − ℓ3, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ1 − ℓ2, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ4 − ℓ5, ρ(E6) = {(1 : 0 : 0)},
E¯7 = ℓ7 − ℓ8, ρ(E7) = {(0 : 0 : 1)},
E¯8 = ℓ6 − ℓ7, ρ(E8) = {(0 : 0 : 1)}.
(−1)-curves: E9, . . . , E12 with
E¯9 = ℓ5, ρ(E9) = {(1 : 0 : 0)}, π(E9) = {x2 = x
2
0 + x
3
1 = 0},
E¯10 = ℓ8, ρ(E10) = {(0 : 0 : 1)}, π(E10) = {x0 = x1 = 0},
E¯11 = ℓ0 − ℓ1 − ℓ6, ρ(E11) = {y1 = 0}, π(E11) = {x1 = x0 + x
2
2x3 = 0},
E¯12 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − 2ℓ6 − ℓ7,
ρ(E12) = {−y
2
0y2 − y
3
1 − λy0y1y2 = 0}, π(E12) = {x3 = x
2
0 + x
3
1 + λx0x1x2 = 0}.
Extended Dynkin diagram (for λ = 0, π(E7 ∩ E8 ∩ E12) = (0 : 0 : 1 : 0); for λ = 1,
E7, E8, E12 meet pairwise in three different points that all project to (0 : 0 : 1 : 0)):
76540123E7
❋❋❋
E10 76540123E1 76540123E2
❊❊
❊
E12 E9 76540123E6 76540123E3
②②
②
76540123E8
①①①
E11 76540123E5 76540123E4
Cox ring: generators η1, . . . , η12 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − 2ℓ6 − ℓ7)
η21η2η7η
3
10 + η4η
2
5η8η
3
11 + η6η
2
9η12 + λη1η2η3η4η5η6η9η10η11.
Anticanonical sections π∗(xi):
(η41η
5
2η
6
3η
4
4η
2
5η
3
6η
2
7η8η
3
10, η
2
1η
3
2η
4
3η
3
4η
2
5η
2
6η7η8η10η11, η1η
2
2η
3
3η
2
4η5η
2
6η9, η7η8η12).
Type E7 +A1. Anticanonical model π : S˜ → S ⊂ P(3, 2, 1, 1):
x20 + x
3
1 + x1x
3
2x3 + λx0x1x2 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1x2 : x32), inverse
y 7→ (y0y
8
2 : y1y
5
2 : y
3
2 : −y
2
0y2 − y
3
1 − λy0y1y2).
Singularities: E7 in (0 : 0 : 0 : 1) with E1, . . . , E7; A1 in (0 : 0 : 1 : 0) with E8:
E¯1 = ℓ5 − ℓ6, ρ(E1) = {(1 : 0 : 0)},
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E¯2 = ℓ4 − ℓ5, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ3 − ℓ4, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ2 − ℓ3, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ1 − ℓ2, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ0 − ℓ1 − ℓ7 − ℓ8, ρ(E6) = {y1 = 0},
E¯7 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E7) = {y2 = 0},
E¯8 = ℓ7 − ℓ8, ρ(E8) = {(0 : 0 : 1)}.
(−1)-curves: E9, E10, E11 with
E¯9 = ℓ8, ρ(E9) = {(0 : 0 : 1)}, π(E9) = {x0 = x1 = 0},
E¯10 = ℓ6, ρ(E10) = {(1 : 0 : 0)}, π(E10) = {x2 = x
2
0 + x
3
1 = 0},
E¯11 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6 − 2ℓ7,
ρ(E11) = {−y
2
0y2 − y
3
1 − λy0y1y2 = 0}, π(E11) = {x3 = x
2
0 + x
3
1 + λx0x1x2 = 0}.
Extra generators: (0)-curve E12 with
E¯12 = ℓ0 − ℓ7, ρ(E12) = {y0 = 0}, π(E12) = {x0 = x
2
1 + x
3
2x3 = 0}.
Extended Dynkin diagram (π(E8 ∩ E11 ∩ E12) = (0 : 0 : 1 : 0); for λ = 0, E8, E11
touch in one point where they also meet E12 transversally; for λ = 1, E8, E11 meet
transversally in two points; in one of them, they also meet E12):
E11
●●
● E10 76540123E1 76540123E2
❊❊
❊
76540123E8 E9 76540123E6 76540123E5 76540123E4 76540123E3
E12
✇✇
76540123E7
③③③
Cox ring: generators η1, . . . , η12 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − 2ℓ7)
η4η
2
5η
3
6η8η
4
9 + η
2
1η2η
3
10η11 + η7η
2
12 + λη1η2η3η4η5η6η7η9η10η12.
Anticanonical sections π∗(xi):
(η31η
6
2η
9
3η
7
4η
5
5η
3
6η
5
7η8η9η12, η
2
1η
4
2η
6
3η
5
4η
4
5η
3
6η
3
7η8η
2
9 , η
2
1η
3
2η
4
3η
3
4η
2
5η6η
2
7η10, η8η11).
Type E8. Anticanonical model π : S˜ → S ⊂ P(3, 2, 1, 1):
x20 + x
3
1 + x
5
2x3 + λx0x1x2 = 0.
Birational map (inducing ρ : S˜ → P2): φ : S99KP2, x 7→ (x0 : x1x2 : x32), inverse
y 7→ (y0y
8
2 : y1y
5
2 : y
3
2 : −y
2
0y2 − y
3
1 − λy0y1y2).
Singularity: E8 in (0 : 0 : 0 : 1) with E1, . . . , E8:
E¯1 = ℓ1 − ℓ2, ρ(E1) = {(1 : 0 : 0)},
E¯2 = ℓ2 − ℓ3, ρ(E2) = {(1 : 0 : 0)},
E¯3 = ℓ3 − ℓ4, ρ(E3) = {(1 : 0 : 0)},
E¯4 = ℓ4 − ℓ5, ρ(E4) = {(1 : 0 : 0)},
E¯5 = ℓ5 − ℓ6, ρ(E5) = {(1 : 0 : 0)},
E¯6 = ℓ6 − ℓ7, ρ(E6) = {(1 : 0 : 0)},
E¯7 = ℓ7 − ℓ8, ρ(E7) = {(1 : 0 : 0)},
E¯8 = ℓ0 − ℓ1 − ℓ2 − ℓ3, ρ(E8) = {y2 = 0}.
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(−1)-curves: E9 with
E¯9 = ℓ8, ρ(E9) = {(1 : 0 : 0)}, π(E9) = {x2 = x
2
0 + x
3
1 = 0}.
Extra generators: (0)-curve E10 = and (1)-curves E11, E12 with
E¯10 = ℓ0 − ℓ1, ρ(E10) = {y1 = 0}, π(E10) = {x1 = x
2
0 + x
5
2x3 = 0},
E¯11 = 3ℓ0 − ℓ1 − ℓ2 − ℓ3 − ℓ4 − ℓ5 − ℓ6 − ℓ7 − ℓ8,
ρ(E11) = {−y
2
0y2 − y
3
1 − λy0y1y2 = 0}, π(E11) = {x3 = x
2
0 + x
3
1 + λx0x1x2 = 0},
E¯12 = ℓ0, ρ(E12) = {y0 = 0}, π(E12) = {x0 = x
3
1 + x
5
2x3 = 0}.
Extended Dynkin diagram (with E10, E11, E12 meeting in p with π(p) = (0 : 1 : 0 :
0); the automorphism group is infinite precisely for λ = 0):
E10 ❍❍
76540123E1 76540123E2
❈❈
❈
E11 E9 76540123E7 76540123E6 76540123E5 76540123E4 76540123E3
E12
✈✈✈ 76540123E8
④④④
Cox ring: generators η1, . . . , η12 with relation (degree 3ℓ0 − ℓ1 − ℓ2 − ℓ3)
η21η2η
3
10 + η4η
2
5η
3
6η
4
7η
5
9η11 + η8η
2
12 + λη1η2η3η4η5η6η7η8η9η10η12.
Anticanonical sections π∗(xi):
(η51η
10
2 η
15
3 η
12
4 η
9
5η
6
6η
3
7η
8
8η12, η
4
1η
7
2η
10
3 η
8
4η
6
5η
4
6η
2
7η
5
8η10, η
2
1η
4
2η
6
3η
5
4η
4
5η
3
6η
2
7η
3
8η9, η11).
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